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PerÐlhyh
Ta teleutaÐa qrìnia, oi mèjodoi aerodunamik c beltistopoÐhshc èqoun apokt sei sqe-
tik  wrimìthta kai qrhsimopoioÔntai ìlo kai suqnìtera se ereunhtikì epÐpedo all
kai sth biomhqanÐa. Se probl mata beltistopoÐhshc morf c sthn aerodunamik , oi
metablhtèc beltistopoÐhshc sun jwc eÐnai diaforetikèc apì autèc tou ekstote lo-
gismikoÔ CAD pou qrhsimopoieÐtai apì th biomhqanÐa. Sunep¸c, oi telikèc aerodu-
namikèc morfèc me bèltisth apìdosh pou prokÔptoun apì thn ektèlesh tou brìqou
beltistopoÐhshc den eÐnai mesa diaqeirÐsimec se biomhqanikì peribllon kai, prakti-
k, ekkremeÐ h fsh thc prosarmog c touc se sq mata parametropoÐhshc sumbat
me to logismikì CAD. Sto plaÐsio autì, oi epilogèc eÐnai dÔo: (a) eÐte na entaqjeÐ
to logismikì CAD sto brìqo beltistopoÐhshc, to opoÐo proôpojètei ìti (gia me-
jìdouc basismènec sth suzug  teqnik ) to logismikì autì (to opoÐo Ðswc eÐnai èna
{kleistì} emporikì logismikì) ofeÐlei na diaforisjeÐ   (b) na dhmiourghjoÔn mèjodoi
pou proseggÐzoun ikanopoihtik tic bèltistec morfèc me mejìdouc parametropoÐhshc
sumbatèc me CAD. H paroÔsa diplwmatik  ergasÐa estizei sth deÔterh apì tic dÔo
proanaferjeÐsec lÔseic, qrhsimopoi¸ntac epifneiec NURBS gia na proseggÐsei tic
upìyh gewmetrÐec. H epilog  twn epifanei¸n NURBS basÐsthke sthn eureÐa qr sh
touc apì ta pakèta CAD (format arqeÐwn IGES, STEP klp). Arqik, proseggÐzontai
oi topikèc parametrikèc suntetagmènec twn diakrit¸n shmeÐwn thc epifneiac kai, sth
sunèqeia, akoloujeÐ o prosdiorismìc twn shmeÐwn elègqou thc epifneiac NURBS,
stoqeÔontac sthn elqisth apìklish metaxÔ thc parametropoihmènhc kai arqik c ge-
wmetrÐac. Sthn ergasÐa anaptÔssetai h sqetik  jewrÐa kai parousizontai dokimèc
tou logismikoÔ pou programmatÐsjhke se ptèrugec aeroskfouc.
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Abstract
In the last years, aerodynamic optimization methods have matured and are being
used more frequently in research and industrial environments. In aerodynamic sha-
pe optimization problems, the design variables are usually dierent than the ones
used by industrial design (CAD) software to describe the geometry. Therefore, the
optimal aerodynamic shapes that are generated after the optimization loop cannot
be manipulated in industrial environments and practically their adaptation in a w-
ay that is CAD-compatible is pending. As solutions, either the CAD software can
enter the optimization loop, which means that (for adjoint-based optimization) the
CAD software (which could be commercial) has to be dierentiated, or methods
that approximate the optimal geometry with a CAD-compatible parameterization
and high delity can be established. This diploma thesis focuses on the latter, by
tting NURBS surfaces to the geometries under consideration. NURBS surfaces
were chosen due to their widespread use in CAD formats (IGES, STEP, etc). At
rst, the local parametric coordinates on the discrete surface points are approxima-
ted, followed by an optimization loop which computes the optimal positions of the
NURBS surface control points, targeting the minimization of the deviation betwe-
en the initial and parameterized surfaces. In this diploma thesis, the programmed
method is analyzed and certain applications of the software are presented regarding
aircraft wings.
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Keflaio 1
Eisagwg 
1.1 Aerodunamik  BeltistopoÐhsh
Ta teleutaÐa qrìnia me thn teqnologik  prìodo pou èqei epèljei kai thn kajhmerin 
beltÐwsh twn epidìsewn twn Hlektronik¸n Upologist¸n, èqoun apokthjeÐ ta er-
galeÐa gia ton ìlo kai kalÔtero sqediasmì aerodunamik¸n mhqan¸n. Se autìn ton
tomèa kÔrio rìlo èqoun oi mèjodoi beltistopoÐhshc. BeltistopoÐhsh eÐnai h kalÔterh
(wc proc kpoia krit ria) epilog  kpoiwn paramètrwn-kleidi¸n gia thn kataskeu 
miac mhqan c. H aerodunamik  beltistopoÐhsh plèon qrhsimopoieÐtai kat kìron sth
biomhqanÐa all kai se ereunhtik progrmmata gia thn kataskeu  apodotikìterwn
aerodunamik¸n swmtwn (l.q. ptèrugec aeroskaf¸n, aerotomèc, exwterik  morfolo-
gÐa autokin twn k.o.k.). H mèjodoc beltistopoÐhshc eÐnai h diadikasÐa h opoÐa knei
epilog  twn proanaferjeis¸n paramètrwn. 'Opwc eÐnai profanèc, h diadikasÐa aut 
den eparkeÐ apì mình thc kaj¸c apaiteÐtai ki ènac axiologht c, o opoÐoc knontac
qr sh twn en lìgw paramètrwn ja bajmologeÐ wc proc ta krit ria pou tèjhkan. MÐa
apì tic sunhjèsterec morfèc beltistopoÐhshc sthn aerodunamik  eÐnai h beltistopo-
Ðhsh morf c (shape optimization). To sugkekrimèno eÐdoc beltistopoÐhshc to knoun
epÐ to pleÐston ereunhtik kèntra kai biomhqanÐec pou epijumoÔn na kataskeusoun  
na elègxoun thn aerodunamik  sumperifor, pterugÐwn strobilomhqan¸n, pterÔgwn
aeroskaf¸n k.o.k. sunart sei thc gewmetrÐac touc. Lìgou qrh, allzontac to
sq ma miac uprqousac aerotom c eÐnai efiktì na auxhjeÐ o suntelest c nwshc
(CL) kai na meiwjeÐ o suntelest c opisjèlkousac (CD), knontac ètsi thn aerotom 
kai thn efarmog  pou ja thn qrhsimopoi sei pio apodotikèc.
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1.1.1 H mèjodoc twn suzug¸n metablht¸n
H oikogèneia mejìdwn beltistopoÐhshc, èqei dÔo kldouc: [1]
a) Tic stoqastikèc mejìdouc kai
b) Tic aitiokratikèc mejìdouc
Oi stoqastikèc mèjodoi perilambnoun thn tuqhmatik  (tuqaÐa all ìqi anexèleg-
kth) anÐqneush thc bèltisthc lÔshc. Oi stoqastikèc mèjodoi ekfrzontai kurÐwc
mèsw twn Exeliktik¸n AlgorÐjmwn (Evolutionary Algorithms-EA) [2], [3]. Oi e-
xeliktikoÐ algìrijmoi montelopoioÔn th diadikasÐa thc exèlixhc, h opoÐa epitssei
thn epibÐwsh tou isqurìterou. Algìrijmoi pou ulopoioÔn thn mèjodo twn EA (l.q
EASY-Evolutionary Algorithms SYstem, [4]) qrhsimopoioÔn aut n th logik . Ar-
qik, epilègontai tuqaÐa kpoiec lÔseic kai mèsw tou axiologht  {bajmologoÔntai}
wc proc to krit rio pou tèjhke. Oi bèltistec lÔseic diathroÔntai wc {isqurìterec}
en¸ oi upìloipec den upologÐzontai. Apì tic epikratèsterec lÔseic pargetai èna nèo
sÔnolo lÔsewn (me antÐstoiqo trìpo me ton sunduasmì gonidÐwn kat thn gènnhsh
paidi¸n apì goneÐc) oi opoÐec axiologoÔntai kai h diadikasÐa suneqÐzetai. Oi aitiokra-
tikèc mèjodoi perilambnoun thn anÐqneush thc bèltisthc lÔshc, mèsw algìrijmwn
pou qrhsimopoioÔn tic parag¸gouc thc antikeimenik c sunrthshc-stìqou wc proc
tic eleÔjerec paramètrouc. Shmantikì rìlo sthn deÔterh kathgorÐa mejìdwn èqei
to logismikì pou ja upologÐsei tic parag¸gouc, kaj¸c kai h teqnik  pou autì ja
ulopoieÐ. Sun jeic teqnikèc, eÐnai autèc thc eujeÐac diafìrishc (DD) [1], [5]   twn
migadik¸n metablht¸n (CV) [1], [6]. Oi mèjodoi autèc parìla aut eÐnai upologistik
akribèc kai argèc kaj¸c o qrìnoc upologismoÔ twn parag¸gwn exarttai apì ton a-
rijmì twn eleÔjerwn paramètrwn N . Sunep¸c, apaiteÐtai mÐa mèjodoc pou ja xepern
aut ta probl mata.
Wc lÔsh sto anwtèrw prìblhma, proteÐnetai h mèjodoc twn suzug¸n metablht¸n  
suzug c teqnik  (adjoint variable method) [1], [7], [8], [9]. H suzug c teqnik  epi-
tugqnei ton upologismì twn parag¸gwn anexrthta apì ton arijmì twn eleÔjerwn
paramètrwn. 'Estw ìti h sunrthsh-stìqoc eÐnai h elaqistopoÐhsh tou suntelest 
opisjèlkousac CD miac aerotom c kai ìti gÐnetai beltistopoÐhsh morf c (oi eleÔje-
rec parmetroi eÐnai gewmetrik stoiqeÐa thc aerotom c). OrÐzetai to dinusma ~b pou
perièqei tic eleÔjerec metablhtèc kai to dinusma ~U pou perièqei ta roðk megèjh (l.q
pÐesh, taqÔthta klp). OrÐzetai epÐshc èna dinusma exis¸sewn ~R = 0 pou antipro-
swpeÔei thn isqÔousa fusik  thc ro c (ed¸ ~R eÐnai oi exÐs¸seic Navier-Stokes). Ta
roðk megèjh exart¸ntai apì tic eleÔjerec metablhtèc kaj¸c h gewmetrÐa kajorÐzei
tic timèc twn roðk¸n megej¸n gÔrw apì to perÐgramma thc aerotom c. Autì eph-
rezei ìpwc eÐnai fusikì kai thn antikeimenik  sunrthsh, kaj¸c h anaptussìmenh
pÐesh gÔrw apì thn aerotom  kajorÐzei kai ton suntelest  opisjèlkousac. An F h
2
antikeimenik  sunrthsh, tìte isqÔei
dF
d~b
=
@F
@~b
+
@F
@~U
d~U
d~b
(1.1)
Eisgetai h epauxhmènh antikeimenik  sunrthsh
Faug = F + ~ 
T ~R (1.2)
ìpou ~ to dinusma twn pollaplasiast¸n Lagrange   twn suzug¸n metablht¸n.
AfoÔ isqÔei ìti ~R = 0, ja eÐnai kai F = Faug. Epomènwc, h elaqistopoÐhsh thc F
angetai se elaqistopoÐhsh thc Faug. 'Ara
dFaug
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=
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d~R
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(1.3)
IsqÔei pwc
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(1.4)
H exÐswsh (1.3), mèsw twn (1.1) kai (1.4), gÐnetai
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To mhtr¸o d~U
d~b
èqei uyhlì upologistikì kìstoc kai wc sunèpeia den eÐnai epijumhtìc
o upologismìc tou. 'Ara, upologÐzontai oi pollaplasiastèc ~ ¸ste na mhdenÐzetai o
suntelest c tou mhtr¸ou autoÔ sth sqèsh (1.5). AfoÔ upologisteÐ to ~ , qrhsimo-
poieÐtai gia ton upologismì twn parag¸gwn wc ex c
dF
d~b
=
dFaug
d~b
=
@F
@~b
+ ~ T
@ ~R
@~b
(1.6)
O upologismìc twn parag¸gwn mèsw thc (1.6) proôpojètei thn epÐlush enìc gram-
mikoÔ sust matoc gia ton upologismì tou ~ en¸ o upologismìc mèsw thc (1.1) pro-
ôpojètei ton epÐlush N susthmtwn ~R = 0 gia ton prosdiorismì tou mhtr¸ou d~U
d~b
.
AxÐzei na shmeiwjeÐ ìti h suzug c teqnik  èqei dÔo upokathgorÐec: th diakrit  [1]
kai th suneq  [7], [9], [10], [11], [12] suzug  teqnik . H diakrit  suzug c teqnik 
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perilambnei th diakritopoÐhsh twn exis¸sewn tou dianÔsmatoc ~R = 0 kai èpeita thn
eisagwg  touc stic sqèseic (1.5), (1.6). 'Omoia oi pollaplasiastèc Lagrange eÐnai
se diakrit  morf . AntÐjeta, h suneq c suzug c teqnik  perilambnei thn kataskeu 
twn exis¸sewn (1.5), (1.6) me tic
~R = [R1(~b; ~U); R2(~b; ~U); : : : ]
T = 0
all kai to dinusma twn suzug¸n metablht¸n
~ = [ 1;  2; : : : ]
T (1.7)
Oi prokÔptousec exis¸seic wc proc  diakritopoioÔntai ¸ste na lujoÔn, kai sth
sunèqeia, h efarmog  twn lÔsewn sthn (1.6) na d¸sei tic parag¸gouc.
1.2 H angkh gia epanasqedÐash gewmetri¸n
Kat th dirkeia thc beltistopoÐhshc morf c, to logismikì kaleÐtai na anaprosar-
mìsei th gewmetrÐa tou, proc beltistopoÐhsh, antikeimènou. Lìgou qrh, sthn pe-
rÐptwsh miac aerotom c, mporeÐ na epilegeÐ èna polu¸numo pou na perigrfei th mèsh
gramm  kampulìthtac thc aerotom c. Oi suntelestèc tou poluwnÔmou autoÔ kajo-
rÐzoun to m koc thc qord c thc aerotom c kai thn kampulìtht thc. Parllhla mpo-
reÐ na gÐnei epilog  miac sunrthshc katanom c tou pqouc gÔrw apì th mèsh gramm 
kampulìthtac. Aut  mporeÐ na eÐnai epÐshc èna polu¸numo tou opoÐou oi suntelestèc
prèpei na epilegoÔn. H beltistopoÐhsh morf c mporeÐ na èqei wc stìqo thn epilog 
twn suntelest¸n twn poluwnÔmwn. H aerotom  pou beltistopoieÐtai mporeÐ na an kei
se ptèruga aeroskfouc   se pterÔgio strobilomhqan c. AfoÔ epilegoÔn oi sunte-
lestèc tou poluwnÔmou thc katanom c tou pqouc all kai autoÔ thc mèshc gramm c
kampulìthtac, tìte eÐnai diajèsimh h pl rhc morf  thc aerotom c. Sth sunèqeia, h
gewmetrÐa aut  diakritopoieÐtai prokeimènou kpoioc epilÔthc twn exis¸sewn ro c,
na upologÐsei ta megèjh thc ro c gÔrw apì thn aerotom  kai sÔmfwna me aut na
upologisteÐ h tim  thc antikeimenik c sunrthshc pou qrhsimopoieÐtai wc krit rio.
'Epeita, gÐnetai qr sh thc suzugoÔc teqnik c gia na upologistoÔn oi pargwgoi euai-
sjhsÐac thc antikeimenik c sunrthshc wc proc tic eleÔjerec paramètrouc ¸ste na
lhfjeÐ mÐa kateÔjunsh anÐqneushc thc bèltisthc lÔshc. 'Ustera apì autì, kai me
bsh ton qrhsimopoioÔmeno algìrijmo beltistopoÐhshc, upologÐzontai nèoi suntele-
stèc gia ta polu¸numa kai, sunep¸c, lambnetai nèa gewmetrÐa thc aerotom c. Me
bsh aut, allzoun jèsh kai ta diakrit shmeÐa pnw sthn epifneia thc aerotom c.
Se perÐptwsh pou uprqei angkh gia optikì èlegqo thc gewmetrÐac thc aerotom c
mèsw enìc pakètou CAD, tìte autì den eÐnai efiktì giatÐ h plhroforÐa pou ja e-
Ðnai diajèsimh gia thn aerotom , eÐnai ta diakrit shmeÐa epÐ thc epifneic thc. 'Ena
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nèfoc asÔndetwn shmeÐwn den eÐnai apodektì prìtupo CAD, kai wc ek toÔtou, h tro-
fodìthsh enìc pakètou CAD me èna arqeÐo pou perièqei tic suntetagmènec twn en
lìgw shmeÐwn den arkeÐ gia thn apìdosh thc gewmetrÐac. Gia autì to lìgo, uprqei
h angkh gia epanasqedÐash thc bèltisthc gewmetrÐac me mia apodekt  kai sumbat 
me CAD mèjodo. 'Ena apì ta sunhjèstera prìtupa sqedÐashc CAD eÐnai ta NURBS
(Non-Uniform Rational Basis Splines) [13]. Ta NURBS qrhsimopoioÔntai se arqeÐa
CAD tÔpou STEP, IGES, k.o.k. Wc ek toÔtou, prokÔptei h angkh gia kataskeu 
enìc algìrijmou pou èqei wc eÐsodo èna nèfoc shmeÐwn pou an koun sthn proc epa-
nasqedÐash gewmetrÐa kai stìqo thn exagwg  enìc arqeÐou CAD me ta dedomèna twn
epifaneiak¸n NURBS.
1.3 H Dom  aut c thc ergasÐac
H paroÔsa diplwmatik  ergasÐa diarjr¸netai wc ex c:
Keflaio 2: GÐnetai analutik  parousÐash twn epifanei¸n kai twn kampul¸n
NURBS kai twn idiot twn touc.
Keflaio 3: Parousizetai o algìrijmoc epanasqedÐashc. DÐnetai h jewrÐa
me bsh thn opoÐa proseggÐzetai h epifneia miac ptèrugac aeroskfouc, en¸
tautìqrona parousizetai b ma-b ma h efarmog  thc se ptèruga me araiì, mh-
domhmèno plègma.
Keflaio 4: Efarmìzetai o algìrijmoc tou kefalaÐou 3 se dÔo ptèrugec me
puknì mh-domhmèno plègma ¸ste na elegqjeÐ h apodotikìthta tou algorÐjmou
se pio realistikèc efarmogèc.
Keflaio 5: Exgontai sumpersmata gia th jewrÐa kai to logismikì pou
th sunodeÔei. EpÐshc, anafèrontai peraitèrw belti¸seic pou ja mporoÔsan na
efarmostoÔn.
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Keflaio 2
Basik  JewrÐa Kampul¸n kai
Epifanei¸n
Me ton ìro NURBS (Non-uniform rational basis spline) [13] anaferìmaste se mia oi-
kogèneia parametrik¸n kampul¸n,epifanei¸n   stere¸n. Ta NURBS ousiastik eÐnai
èna majhmatikì prìtupo pou qrhsimopoieÐtai suqn se upologistikèc mejìdouc gia
th gènesh kai thn apeikìnish kampul¸n, epifanei¸n   stere¸n. Prosfèroun terstia
euelixÐa kai akrÐbeia kat ton qeirismì analutik¸n (basismènwn se kpoia majhmati-
k  sunrthsh) all kai montelopoihmènwn sqhmtwn. Ta proter mat touc aut ta
knoun idanik gia sqediasmì, prosomoÐwsh katergasi¸n kai epÐlush problhmtwn
gia mhqanikoÔc me th bo jeia upologist  (CAD,CAM,CAE). ExaitÐac autoÔ, apote-
loÔn mèroc poluplhj¸n protÔpwn arqeÐwn CAD me efarmogèc sth biomhqanÐa ìpwc
IGES, STEP, ACIS, PHIGS k.o.k. O qeirismìc twn NURBS apì ton upologist  eÐnai
apodotikìtatoc kai, tautìqrona, epitrèpei thn allhlepÐdrash me to qr sth all kai
thn eÔkolh katanìhsh twn apotelesmtwn aut c. H apeikìnish twn NURBS gÐnetai
parametrik kai o arijmìc twn paramètrwn exarttai apì to tÐ eÐdouc sq ma eÐnai
epijumhtì (1 gia kampÔlh, 2 gia epifneia, 3 gia stereì). KÔrio rìlo sth morf  tou
sq matoc èqei o arijmìc twn shmeÐwn elègqou. Ta shmeÐa elègqou brÐskontai ston
Ðdio q¸ro me to sq ma NURBS kai èqoun th fusik  shmasÐa pìlwn èlxhc proc aut.
Se aut n thn ergasÐa gÐnetai qr sh epifaneiak¸n NURBS ¸ste, me thn ulopoÐhsh
thc parametropoÐhshc na kataskeuzetai epifneia pou ja proseggÐzei aut n miac
ptèrugac, h opoÐa qrhsimopoieÐtai wc endeiktikì pardeigma. Paraktw analÔetai
b ma-b ma h logik  gèneshc twn NURBS.
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2.1 ParametropoÐhsh kampul¸n kai epifanei-
¸n
Oi dÔo sunhjèsterec morfèc perigraf c kampul¸n eÐnai h kartesian  kai h para-
metrik . Gia pardeigma, mia exÐswsh thc morf c f(x; y) = 0 eÐnai mÐa perigraf 
kampÔlhc sto kartesianì epÐpedo. H sqèsh aut  perigrfei thn exrthsh tou x apì
to y ki antÐstrofa, ìtan aut qarakthrÐzoun ta shmeÐa thc en lìgw kampÔlhc. Gia
pardeigma, anafèretai o kÔkloc kèntrou sto (0,0) kai monadiaÐac aktÐnac. Gia autìn
isqÔei: f(x; y) = x2+y2 1 = 0 (sq ma 2.1). Sthn parametrik  morf , kajemi apì
Sq ma 2.1: O monadiaÐoc kÔkloc se kartesian  perigraf .
tic suntetagmènec enìc shmeÐou thc en lìgw kampÔlhc (dhlad  to x kai to y) peri-
grfetai wc sunrthsh miac anexrththc paramètrou u kai, sth genik  perÐptwsh,
den uprqei eujeÐa susqètish metaxÔ x kai y. Genik, eÐnai
~C(u) = (x(u); y(u)); a  u  b (2.1)
Sunep¸c to ~C eÐnai èna dinusma jèshc to opoÐo èqei tic kartesianèc suntetagmènec
twn shmeÐwn thc kampÔlhc all exarttai mìno apì thn parmetro u. To eÔroc
[a; b] sto opoÐo mporeÐ na kineÐtai h parmetroc u eÐnai aujaÐreto giatÐ basÐzetai sthn
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exrthsh twn x; y apì autì kai mìno. Mia apl  parametrik  morf  tou kÔklou sto
sq ma 2.1 eÐnai
x(u) = cos u (2.2)
y(u) = sinu (2.3)
me u 2 [0; 2]. An tejeÐ ìti u 2 [0; 
2
] tìte, profan¸c, gÐnetai anafor sto pr¸to
tetartokÔklio. Gia autì to tm ma tou kÔklou mporeÐ na uiojethjeÐ ki llh mia pa-
rametropoÐhsh, h t = tan u
2
. Apì aut n, ja prokÔyei h ex c enallaktik  morf 
parametrik¸n suntetagmènwn
x(t) =
1  t2
1 + t2
(2.4)
y(t) =
2t
1 + t2
(2.5)
me t 2 [0; 1]. Sunep¸c, eÐnai profanèc ìti h parametropoÐhsh miac dojeÐsac kam-
pÔlhc sto kartesianì epÐpedo den eÐnai monadik . Gia katanìhsh, h sunrthsh ~C(u)
jewreÐtai wc diadrom  enìc swmatidÐou sunart sei tou qrìnou ìpou, h parmetroc
u anafèretai sto qrìno. Me aut n th je¸rhsh, [a; b] eÐnai h qronik  dirkeia thc
kÐnhshc (sq ma 2.2).
AntistoÐqwc, mÐa epifneia perigrfetai kartesian me th sqèsh f(x; y; z) = 0. An-
tÐstoiqa me prin, mporeÐ na parousiasteÐ wc pardeigma h sfaÐra monadiaÐac aktÐnac
(sq ma 2.3) gia thn opoÐa: f(x; y; z) = x2+y2+z2 1 = 0. Mia parametrik  èkfrash
thc sfaÐrac ja mporoÔse na eÐnai h
~S(u; v) = (x(u; v); y(u; v); z(u; v)) (2.6)
me
x(u; v) = sin u cos v (2.7)
y(u; v) = sin u sin v (2.8)
z(u; v) = cos u (2.9)
me u 2 [0; ]; v 2 [0; 2]. Profan¸c, apaitoÔntai dÔo parmetroi gia na perigrafeÐ mÐa
epifneia kai axÐzei h parat rhsh tou ti sumbaÐnei an allxei h mÐa ek twn dÔo mìno,
en¸ h llh paramènei stajer . An {pag¸sei} h parmetroc u tìte o gewmetrikìc
tìpoc pou perigrfetai apì th metabol  tim¸n thc v èqei stajer  kat z suntetagmènh
sunep¸c dhmiourgoÔntai parllhloi kÔkloi. AntÐjeta, an {pag¸sei} h parmetroc
v, tìte h metabol  tim¸n thc u perigrfei meshmbrinoÔc kÔklouc.
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Sq ma 2.2: To pr¸to tetartokÔklio tou kÔklou monadiaÐac aktÐnac se parametrik 
morf . Gia t = 0 eÐnai h arq  tou kai gia t = 1 to pèrac tou. Ta dianÔsmata sta shmeÐa,
gia t = 0 kai t = 1, deÐqnoun tic kateujÔnseic kÐnhshc pnw sthn kampÔlh.
2.2 Oi sunart seic bshc twn B-splines
MÐa suqn qrhsimopoioÔmenh morf  parametropoÐhshc kampÔlhc eÐnai h
~C(u) =
nX
i=0
Ni;n(u)~Pi (2.10)
Me Ni;n(u) perigrfetai èna sÔnolo n + 1 poluwnÔmwn (n eÐnai o bajmìc twn po-
luwnÔmwn aut¸n) ta opoÐa emplèkontai sthn parametropoÐhsh. Me ~Pi perigrfontai
oi n + 1 gewmetrikoÐ suntelestèc gnwstoÐ wc shmeÐa elègqou (control points) ta
opoÐa praktik eÐnai èna sÔnolo suntetagmènwn kai leitourgoÔn wc pìloi èlxhc sthn
kampÔlh. Ta polu¸numa Ni;n(u) eÐnai gnwst kai wc sunart seic bshc. H majhma-
tik  morf  touc eÐnai polÔ shmantik  giatÐ apì autèc exarttai h akrÐbeia, h euelixÐa
kai h sunèqeia me tic opoÐec mporoÔn na anaparast soun kampÔlec kai epifneiec.
Kat kairoÔc, sthn oikogèneia sunart sewn bshc katllhlwn gia NURBS èqoun
protajeÐ pollèc diaforetikèc morfèc ìpwc autèc twn Bezier-Bernstein [13, selÐda 9].
Oi epikratèsterec sunart seic bshc parìla aut, eÐnai autèc twn B-splines.
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Sq ma 2.3: Epifneia thc sfaÐrac monadiaÐac aktÐnac. Reference: [13].
Oi kampÔlec Bezier-Bernstein èqoun wc sunart seic bshc ta polu¸numa Bernstein,
bajmoÔ kat èna mikrìterou apì ton arijmì twn shmeÐwn elègqou. Arketèc forèc
ìmwc, oi kampÔlec pou perigrfontai apì sunart seic bshc pou knoun qr sh enìc
poluwnÔmou den eparkoÔn. Autì giatÐ qreizetai uyhlìc bajmìc sto polu¸numo gia
na mporèsoun na proseggistoÔn sÔnjeta sq mata. EpÐshc, h allag  thc jèshc twn
shmeÐwn elègqou ephrezei olìklhrh thn prokÔptousa kampÔlh. An endeqomènwc
qreiazìtan, l.q., se èna brìqo beltistopoÐhshc na allxei topik h kampÔlh, tìte ja
èprepe na allxei olìklhro to sq ma thc. H lÔsh se autì eÐnai na qrhsimopoihjoÔn
tmhmatik suneq  polu¸numa   tmhmatik suneq  rht polu¸numa. To sq ma 2.4
parousizei mÐa kampÔlh ~C(u) pou apoteleÐtai apì m(= 3) poluwnumik tm mata.
IsqÔei ìti u 2 [0; 1] gia olìklhrh thn kampÔlh kai u0=0<u1<u2<u3=1 eÐnai ta
shmeÐa metaxÔ twn diaforetik¸n poluwnumik¸n ekfrsewn. Ac eÐnai ~Ci; 1  i  m ta
tmhmata thc kampÔlhc ~C. Ta tm mata aut kataskeuzontai ¸ste na sundèontai me
suneq  trìpo. MporeÐ na qrhsimopoihjeÐ opoiad pote poluwnumik  morf  ¸ste na
oristeÐ to ~C(u). To U = [u0; u1; u2; u3] onomzetai dinusma kìmbwn (knot vector),
èqei distash m + 1 kai kajorÐzei poÔ kai p¸c epidroÔn ta shmeÐa elègqou sthn
prokÔptousa kampÔlh.
Uprqoun arketoÐ trìpoi na ekfrastoÔn oi sunart seic bshc B-splines. O pio
apodotikìc trìpoc gia upologistik  ulopoÐhsh eÐnai h epanalhptik  mèjodoc tou
Cox-deBoor [13, selÐda 50]. SÔmfwna me aut , gia èna mh-fjÐnon dinusma kìmbwn
U = [u0; u1; :::; um] orÐzetai h i-ost  sunrthsh bshc bajmoÔ p (txhc p+1) me thn
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Sq ma 2.4: MÐa kampÔlh me trÐa tmhmatik suneq  polu¸numa.
anadromik  sqèsh
Ni;0(u) =

1 ui  u < ui+1
0 alloÔ
(2.11)
Ni;p(u) =
u  ui
ui+p   uiNi;p 1(u) +
ui+p+1   u
ui+p+1   uiNi+1;p 1(u) (2.12)
Apì ton orismì thc sunrthshc bshc gÐnontai faner ta ex c:
a) H Ni;0 eÐnai h bhmatik  sunrthsh kai mhdenÐzetai ìtan to u den brÐsketai sto en
lìgw eÔroc kìmbwn (knot-span) [ui; ui+1).
b) Gia p > 0 h Ni;p eÐnai grammik  sunrthsh dÔo sunart sewn bshc, p  1 bajmoÔ.
g) H mègisth tim  pou mporeÐ na lbei to p eÐnai h p=n.
d) Ston tÔpo tou Ni;p mporeÐ na prokÔyei to phlÐko 00 . ExaitÐac autoÔ orÐzetai
0
0
= 0.
e) Ta eÔrh kìmbwn apì ta opoÐa exarttai h Ni;p eÐnai to i kai to i + 1 (sqèsh
(2.12)). EpÐshc, h anadromik  sqèsh efarmìzetai èwc ìtou mhdenÐsei to p opìte
kai efarmìzetai h bhmatik  sunrthsh. Praktik dhlad , met apì p anadromikèc
efarmogèc thc (2.12), h Ni;p ja ftsei na exarttai apì to to (i + p)-ostì eÔroc
kìmbwn. Autì dÐnei plhroforÐa gia th shmasÐa tou p to opoÐo dhl¸nei pìsa eÔrh
kìmbwn ja ephreastoÔn an uprxei allag  sto i ostì eÔroc.
st) Prokeimènou na uprqei o epijumhtìc bajmìc sunèqeiac, apodeiknÔetai, [13], ìti
oi pr¸toi kai oi teleutaÐoi kìmboi prèpei na èqoun pollaplìthta p+ 1. Sunep¸c, to
qrhsimopoioÔmeno dinusma kìmbwn prèpei na èqei th morf 
U =

a; a; :::; a| {z }
p+1
; up+1; :::; um p 1; b; b; :::; b| {z }
p+1

(2.13)
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Gia thn anwtèrw morf  dianÔsmatoc kìmbwn isqÔoun merikèc akìma idiìthtec. An
m+1 to m koc tou dianÔsmatoc kìmbwn kai n+1 to pl joc twn shmeÐwn elègqou
tìte isqÔei ìti
n=m p 1 (2.14)
EpÐshc an oristeÐ U = [0; 0; :::; 0| {z }
p+1
; 1; 1; :::; 1| {z }
p+1
] tìte oi sunart seic bshc pou prokÔptoun
eÐnai ta polu¸numa Bernstein bajmoÔ p. Autì sumbaÐnei giatÐ, afenìc men jètontac
a=0; b= 1h parmetroc u kineÐtai sto eÔroc [0; 1], afetèrou de kaj¸c an m+1=2p+2
tìte n= p. Tèloc, an plèon ta up+1; :::; um p 1 eÐnai aÔxonta kai isapèqonta, to di-
nusma U onomzetai omogenèc. Gia katanìhsh thc poreÐac gia thn kataskeu  kai th
qr sh twn sunart sewn bshc B-splines axÐzei na gÐnei antilhptì pwc apoktoÔntai
arijmhtikèc timèc gia ta p; n;m. Ta p; n epilègontai empeirik sunart sei dÔo prag-
mtwn. Pr¸ton, thc epijumht c akrÐbeiac thc prosèggishc kai thc sunèqeiac, h opoÐa
kajorÐzei to p kai deÔteron thc euelixÐac pou eÐnai epijumhtì na èqei h prosèggish,
h opoÐa kajorÐzei to n. Sth sunèqeia, prokÔptei to m koc m+1 tou dianÔsmatoc
U afoÔ eÐnai m= n+p+1. Ta pr¸ta p + 1 stoiqeÐa tou U eÐnai mhdenik, en¸ ta
teleutaÐa p+ 1 eÐnai monadiaÐa. Ta endimesa stoiqeÐa (up+1; :::; um p 1) epilègontai
apì ton qr sth kai tic perissìterec forèc knoun to U omogenèc.
Sq ma 2.5: Oi sunart seic bshc twn B-splines gia p = 3, n = 6 kai U =
[0; 0; 0; 0; 14 ;
1
2 ;
3
4 ; 1; 1; 1; 1]. [13]
2.3 Kataskeu  kampul¸n B-splines
Me bsh ìsa anafèrjhkan stic prohgoÔmenec enìthtec, oi kampÔlec B-splines orÐzon-
tai apì th sqèsh (2.10) me ~Pi na eÐnai ta dianÔsmata suntetagmènwn twn shmeÐwn
elègqou , Ni;p oi p ostoÔ bajmoÔ sunart seic bshc twn B-splines kai u h qrhsimo-
poioÔmenh parmetroc me u 2 [a; b]. O orismìc autìc sunodeÔetai apì to mh-fjÐnon
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dinusma kìmbwn
U =

a; a; :::; a| {z }
p+1
; up+1; :::; um p 1; b; b; :::; b| {z }
p+1

to opoÐo èqei m koc m+1. Stic perissìterec efarmogèc isqÔei a=0, b=1. Gia tic
sugkekrimènec kampÔlec isqÔei ~C(0) = ~P0; ~C(1) = ~Pn. Sto sq ma 2.6, diakrÐnetai h
taÔtish tou pr¸tou kai tou teleutaÐou shmeÐou tou polug¸nou elègqou me thn arq 
kai to pèrac thc kampÔlhc.
Sq ma 2.6: MÐa kampÔlh B-splines me p = 3 kai U = [0; 0; 0; 0; 1; 1; 1; 1]. EÐnai
ousiastik mia kampÔlh Bezier me tèssera shmeÐa elègqou. Efìson, h kampÔlh èqei
tèssera shmeÐa elègqou, tìte eÐnai n=3 kai m=n+p +1=7. Sunep¸c, to dinusma
kìmbwn prèpei na èqei m+1=8 stoiqeÐa, ìpwc kai sumbaÐnei.
To gegonìc ìti oi kampÔlec B-splines ekfrzontai mèsw tmhmatik suneq¸n poluw-
nÔmwn, tic knei qr simec se efarmogèc beltistopoÐhshc. Pollèc forèc, prokÔptei
h angkh gia anaprosarmog  thc kampÔlhc se orismènec perioqèc tou u kai ìqi ka-
jolik. Autì mporeÐ na gÐnei me metakÐnhsh tou shmeÐou elègqou pou antistoiqeÐ sto
eÔroc kìmbwn sto opoÐo an kei h en lìgw perioq  tou u. O arijmìc twn eur¸n kìmbwn
(knot-spans), gÔrw apì autì sto opoÐo gÐnetai allag , pou ja ephreastoÔn exarttai
eujèwc apì to p. Gia pardeigma, èstw mÐa kampÔlh B-splines pou kataskeuzetai
me p = 3, me 7 shmeÐa elègqou (n = 6) kai me èna omogenèc dinusma kìmbwn, to
U=[0; 0; 0; 0; 1
4
; 2
4
; 3
4
; 1; 1; 1; 1] (sq ma 2.7). An gia kpoio lìgo (pou Ðswc na sundèe-
tai me thn proanaferjeÐsa beltistopoÐhsh) metakinhjeÐ to 5o shmeÐo elègqou apì thn
jèsh P4 sthn P 04, tìte ja ephreasteÐ h kampÔlh gia ta u pou an koun sto 5
o eÔroc
kìmbwn kaj¸c kai sta 3 epìmena (p = 3). Sunep¸c, ja ephreasteÐ h kampÔlh gia
ta u pou an koun sto eÔroc [u4; u8) = [14 ; 1). Autì gÐnetai katanohtì an exetasteÐ
h sqèsh (2.12). Apì aut n prokÔptei pwc oi sunart seic bshc Ni;p eÐnai mhdenikèc
gia ìla ta u pou den an koun sto eÔroc [ui; ui+p+1).
H aÔxhsh   h meÐwsh tou arijmoÔ twn eur¸n kìmbwn pou ephrezontai apì metakÐnhsh
kpoiou shmeÐou elègqou, ìpwc proanafèrjhke exarttai apì to p. Endeqìmenh e-
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Sq ma 2.7: MÐa kampÔlh B-splines mazÐ me to polÔgwno elègqou. Me èntonh gramm 
faÐnetai h arqik  kampÔlh kai me diakekommènh h telik  pou ja prokÔyei an to 5o shmeÐo
elègqou metakinhjeÐ apì th jèsh P4 sthn P 04. Me èntonec teleÐec pnw sthn kampÔlh
eÐnai ta shmeÐa pou allzoun ta eÔrh kìmbwn. 'Opwc eÐnai profanèc, sto eÔroc kìmbwn
[u3; u4) = [0;
1
4) den uprqei allag  jèshc thc kampÔlhc.
lttwsh tou p mei¸nei ta eÔrh kìmbwn pou exart¸ntai apì th metakÐnhsh tou i-ostoÔ
shmeÐou elègqou all, tautìqrona, mei¸nei to bajmì sunèqeiac thc kampÔlhc knon-
tc thn, ligìtero kal  prosèggish tou polÔgwnou elègqou. L.q., èstw mÐa kampÔlh
B-splines me 6 shmeÐa elègqou, twn opoÐwn oi jèseic eÐnai proepilegmènec, kai me èna
omogenèc dinusma kìmbwn. Elqisth tim  gia to p eÐnai h p=1 , en¸ h mègisth eÐnai
h p=5. Paraktw, dÐdontai ta dianÔsmata kìmbwn gia kje p 2 [1; 5] kai sto sq ma
2.8 parousizontai oi prokÔptousec kampÔlec.
p=1; U=[0; 0; 1
5
; 2
5
; 3
5
; 4
5
; 1; 1]
p=2; U=[0; 0; 0; 1
4
; 2
4
; 3
4
; 1; 1; 1]
p=3; U=[0; 0; 0; 0; 1
3
; 2
3
; 1; 1; 1; 1]
p=4; U=[0; 0; 0; 0; 0; 1
2
; 1; 1; 1; 1; 1]
p=5; U=[0; 0; 0; 0; 0; 0; 1; 1; 1; 1; 1; 1]
15
Sq ma 2.8: Sto sq ma faÐnontai pènte diaforetikèc kampÔlec B-splines oi opoÐec
prokÔptoun gia pènte diaforetik p, omogenèc dinusma kìmbwn kai to Ðdio polÔgwno
elègqou. H kampÔlh gia p = 5 efptetai se ìlec tic akmèc tou polug¸nou elègqou
prosfèrontac thn kalÔterh prosèggish se autì. Antijètwc, h qeirìterh prosèggish
dÐnetai apì thn kampÔlh pou prokÔptei gia p=1. H kampÔlh aut  parìla aut dÐnei th
megalÔterh dunatìthta topik c anaprosarmog c.
2.4 Kataskeu  epifanei¸n B-splines
MÐa epifneia B-splines kataskeuzetai an lhfjeÐ èna dÐktuo shmeÐwn elègqou me dÔo
parametrikèc kateujÔnseic, dÔo dianÔsmata kìmbwn kai ta ginìmena twn sunart sewn
bshc. Dhlad , antÐ thc sqèshc (2.10), isqÔei h
~S(u; v) =
nX
i=0
mX
j=0
Ni;p(u)Ni;q(v)~Pij (2.15)
Ta dÔo dianÔsmata kìmbwn eÐnai ta ex c
U =

a; a; :::; a| {z }
p+1
; up+1; :::; ur p 1; b; b; :::; b| {z }
p+1

(2.16)
V =

a; a; :::; a| {z }
q+1
; uq+1; :::; us q 1; b; b; :::; b| {z }
q+1

To dinusma kìmbwn U èqei distash r + 1 en¸ to V èqei distash s + 1. p kai q
eÐnai antÐstoiqa oi bajmoÐ twn sunart sewn bshc en¸ n+1 kai m+1 eÐnai o arijmìc
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twn shmeÐwn elègqou stic dÔo parametrikèc kateujÔnseic antÐstoiqa. 'Omoia me tic
kampÔlec, isqÔei o tÔpoc pou sundèei ton arijmì kìmbwn, ton arijmì shmeÐwn elègqou
kai ton bajmì twn poluwnÔmwn bshc, se kje parametrik  kateÔjunsh xeqwrist.
Sunep¸c, eÐnai
r = n+ p+ 1
kai
s = m+ q + 1
Mìlic, loipìn, kajorÐsei o qr sthc touc bajmoÔc twn poluwnÔmwn bshc all kai
twn shmeÐwn elègqou stic dÔo parametrikèc kateujÔnseic, upologÐzontai ta m kh twn
dianusmtwn kìmbwn U; V . Gia aut sun jwc eÐnai a=0; b=1. Ta stoiqeÐa twn U; V
pou den eÐnai mhdenik   mondec epilègontai apì ton qr sth. MÐa sun jhc epilog ,
ìpwc kai stic kampÔlec, eÐnai ta U; V na eÐnai omogen  dianÔsmata kìmbwn. Mìlic
gÐnoun ìlec oi epilogèc upologÐzontai oi sunart seic bshc Ni;p(u); Nj;q(v) me qr sh
thc sqèshc (2.12) ìpwc kai gia tic kampÔlec. To ginìmeno dÔo sunart sewn bshc
onomzetai tanustikì (tensor product). Gia pardeigma, dÐnontai dÔo sunart seic
bshc, me polu¸numa 3o kai 2o bajmoÔ antÐstoiqa, oi opoÐec prokÔptoun apì omo-
gen  dianÔsmata kìmbwn, ta opoÐa kataskeuzontai gia 7 shmeÐa elègqou. 'Estw ìti
oi proc upologismì sunart seic bshc eÐnai oi N4;3(u); N2;2(v) ki ìti ta antÐstoiqa
dianÔsmata kìmbwn eÐnai ta
:U = [0; 0; 0; 0;
1
4
;
2
4
;
3
4
; 1; 1; 1; 1] (2.17)
V = [0; 0; 0;
1
5
;
2
5
;
3
5
;
4
5
; 1; 1; 1]
Gia thn N4;3(u) (h opoÐa ja èqei mh mhdenikèc timèc sto disthma [u4; u8)) upolo-
gÐzontai
N4;3(u) =
u  u4
u7   u4N4;2(u) +
u8   u
u8   u4N5;2(u) (2.18)
N4;2(u) =
u  u4
u6   u4N4;1(u) +
u7   u
u7   u4N5;1(u)
N4;1(u) =
u  u4
u5   u4N4;0(u) +
u6   u
u6   u4N5;0(u)
N4;0(u) = 1; gia u4  u < u5
N5;0(u) = 1; gia u5  u < u6
N5;1(u) =
u  u5
u6   u5N5;0(u) +
u7   u
u7   u5N6;0(u)
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N6;0(u) = 1; gia u6  u < u7
N5;2(u) =
u  u5
u7   u5N5;1(u) +
u8   u
u8   u5N6;1(u)
N6;1(u) =
u  u6
u7   u6N6;0(u) +
u8   u
u8   u6N7;0(u)
N7;0(u) = 1; gia u7  u < u8
Mèsw twn anwtèrw sqèsewn upologÐzetai h N4;3(u). Gia thn N2;2(v) (h opoÐa ja èqei
mh-mhdenikèc timèc sto disthma [u2; u5)) upologÐzontai
N2;2(v) =
v   v2
v4   v2N2;1(v) +
v5   v
v5   v2N3;1(v) (2.19)
N2;1(v) =
v   v2
v3   v2N2;0(v) +
v4   v
v4   v2N3;0(v)
N2;0(v) = 1; gia v2  v < v3
N3;0(v) = 1; gia v3  v < v4
N3;1(v) =
v   v3
v4   v3N3;0(v) +
v5   v
v5   v3N4;0(v)
N4;0(v) = 1; gia v4  v < v5
AntÐstoiqa me prin upologÐzetai h N2;2(v). 'Epeita apì ton upologismì twn sunar-
t sewn bshc eÐnai efiktì na dhmiourghjoÔn ta graf mata aut¸n gia u; v 2 [0; 1] kai,
sth sunèqeia, epifneia thc opoÐac h trÐth suntetagmènh se kje parametrik  jèsh
(u; v) ja prokÔptei wc to ginìmeno N4;3(u)N2;2(v) (sq ma 2.9).
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Sq ma 2.9: H epifneia pou prokÔptei mèsw tou tanustikoÔ ginomènou dÔo sunar-
t sewn bshc, thc N4;3(u) kai thc N2;2(v).
2.5 Rhtèc sunart seic bshc (NURBS)
Oi sunart seic bshc B-splines kaj¸c kai oi kampÔlec kai oi epifneiec pou pro-
kÔptoun apì autèc, qrhsimopoioÔntai eurèwc gia prosèggish kai parembol . 'Opwc
proanafèrjhke, ta shmeÐa elègqou, eÐte elègqoun kampÔlec eÐte epifneiec, leitour-
goÔn wc pìloi èlxhc proc autèc. Uprqoun ìmwc peript¸seic kat tic opoÐec pro-
kÔptei h angkh èna shmeÐo elègqou na èlkei thn kampÔlh, perissìtero apì ta u-
pìloipa (  ligìtero). Gia na kalufjeÐ aut  h angkh gÐnetai qr sh bar¸n. Ta brh
eÐnai arijmhtikèc timèc me tic opoÐec pollaplasizontai oi sunart seic bshc pou an-
tistoiqoÔn sta ekstote shmeÐa elègqou, kat thn efarmog  twn sqèsewn (2.10),
(2.15). H shmasÐa tou brouc enìc shmeÐou den ègkeitai sthn apìluth tim  tou all
sth sqetik  tim  tou wc proc ta upìloipa. An l.q., to phlÐko tou brouc tou shmeÐou
elègqou i proc to antÐstoiqo broc tou shmeÐou elègqou j, wi
wj
=2 tìte autì shmaÐnei
pwc to shmeÐo i èqei diplsia epirro  sthn kampÔlh apì to shmeÐo j (  thn èlkei
me thn diplsia dÔnamh). 'Omoia me tic prohgoÔmenec enìthtec, orÐzetai mÐa sunr-
thsh bshc Ri;p(u). Wc proc mÐa parametrik  kateÔjunsh, h kampÔlh pou prokÔptei
onomzetai rht  (rational) kai perigrfetai apì th sqèsh
~C(u) =
nX
i=0
Ri;p(u)~Pi (2.20)
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(aþ) ShmeÐa elègqou.
(bþ) ProkÔptousa epifneia.
Sq ma 2.10: 'Ena dÐktuo me shmeÐa elègqou (pnw) kai h prokÔptousa epifneia
(ktw).
me
Ri;p(u) =
Ni;p(u)wiPn
j=0Nj;p(u)wj
ìpou Ni;p(u) mÐa sunrthsh bshc B-splines. Oi idiìthtec twn sunart sewn bshc
B-splines isqÔoun kai gia tic rhtèc sunart seic bshc kaj¸c o bajmìc p, to dinusma
kìmbwn U kai ta shmeÐa elègqou ~P èqoun akrib¸c ton Ðdio orismì kai shmasÐa.
20
Sq ma 2.11: Sto sq ma diakrÐnontai oi sunart seic bshc NURBS pou qrhsimo-
poioÔntai gia thn kataskeu  thc kampÔlhc tou sq matoc 2.12. Oi sunart seic autèc
prokÔptoun gia U = [0; 0; 0; 0; 14 ;
1
2 ;
3
4 ; 1; 1; 1; 1] kai [w0; :::; w6] = [1; 1; 1; 3; 1; 1; 1]. E-
fìson w3=3, to shmeÐo elègqou P3 èqei triplsia epirro  sthn kampÔlh apì ta upìloi-
pa. Sto parìn sq ma autì mporeÐ na gÐnei antilhptì an gÐnei sÔgkrish tou embadoÔ
pou perikleÐetai apì thn kampÔlh thc sunrthshc R3;3 me autì pou perikleÐetai apì tic
kampÔlec twn upoloÐpwn sunart sewn. EÐnai profanèc ìti to anaferjèn embadìn eÐnai
polÔ megalÔtero.
Sq ma 2.12: Pardeigma kubik c (p= 3) kampÔlhc NURBS pou prokÔptei apì tic
sunart seic bshc, to dinusma kìmbwn kai ta brh pou perigrfontai sto sq ma 2.11.
AxÐzei na shmeiwjeÐ h auxhmènh èlxh apì to shmeÐo P3 pou prokÔptei lìgw tou w3=3.
Gia na gÐnei pio eÔkola antilhpt  h auxomeÐwsh thc epirro c enìc shmeÐou elègqou
sthn kampÔlh mèsw auxomeÐwshc tou brouc pou tou antistoiqeÐ, parousizetai h
kampÔlh tou sq matoc 2.12, kai oi parallagèc thc gia diforec timèc tou w3 sto
sq ma 2.13.
Axizei na anaferjeÐ ìti kai sthn perÐptwsh kampul¸n all kai se aut n twn epifa-
nei¸n, an ìla ta brh eÐnai monadiaÐa tìte isqÔei ìti Ri;p=Ni;p.
Oi epifneiec NURBS, se antistoiqÐa me tic epifneiec B-splines, prokÔptoun apì
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Sq ma 2.13: Sto parìn sq ma parousizontai tèsseric parallagèc thc Ðdiac kam-
pÔlhc NURBS. UpenjumÐzetai ìti h kampÔlh eÐnai kubik  (p=3), me 7 shmeÐa elègqou
kai me omogenèc dinusma kìmbwn, to U = [0; 0; 0; 0; 14 ;
1
2 ;
3
4 ; 1; 1; 1; 1]. Ta brh tÐjentai
ìla Ðsa me monda kai allzei h tim  tou w3. Oi timèc tou w3 faÐnontai dÐpla stic
kampÔlec. Gia w3=3 prokÔptei h kampÔlh tou sq matoc 2.12, en¸ gia w3=1 (ìla ta
brh Ðsa) prokÔptei mia kubik  kampÔlh B-splines. 'Oso to w3 elatt¸netai peraitèrw, h
epirro  tou P3 sthn kampÔlh elatt¸netai ki aut , en¸ gia w3=0 to shmeÐo den gÐnetai
antilhptì apì thn kampÔlh.
èna plègma shmeÐwn elègqou me dÔo parametrikèc kateujÔnseic kai dÔo dianÔsmata
kìmbwn. An p o bajmìc twn poluwnÔmwn bshc kat u kai q o bajmìc twn poluw-
nÔmwn bshc kat v, orÐzontai oi rhtèc epifneiec me antÐstoiqo trìpo me tic rhtèc
kampÔlec
~S(u; v) =
nX
i=0
mX
j=0
Ri;j(u; v)~Pij (2.21)
me
Ri;j(u; v) =
Ni;p(u)Nj;q(v)wijPn
k=0
Pm
l=0Nk;p(u)Nl;q(v)wij
Akrib¸c ìpwc kai stic kampÔlec NURBS, h arijmhtik  tim  tou brouc wij deÐqnei
thn epirro  tou shmeÐou elègqou ~Pij sthn epifneia.
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(aþ) DÐktuo control Points. (bþ) ProkÔptousa epifneia NURBS.
Sq ma 2.14: 'Ena dÐktuo me shmeÐa elègqou (arister) kai h prokÔptousa epifneia
NURBS (dexi). Ta apotelèsmata proèkuyan gia: U = V = [0; 0; 0; 13 ;
2
3 ; 1; 1; 1] kai
w11 = w12 = w21 = w22 = 10 kai ìla ta upìloipa wij = 1. ExaitÐac twn tim¸n twn
bar¸n, ta shmeÐa P11; P12; P21; P22 ephrezoun thn epifneia dèka forèc perissìtero.
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Keflaio 3
DhmiourgÐa logismikoÔ
epanaparametropoÐhshc kai
prosarmog  tou sth logik 
pakètwn CAD
Kat th dirkeia miac diadikasÐac beltistopoÐhshc morf c, o algìrijmoc beltistopo-
Ðhshc dhmiourgeÐ sq mata mèsw thc qrhsimopoioÔmenhc parametropoÐhshc. Ta sq ma-
ta aut den mporoÔn pntote na ta anaparast soun pakèta CAD thc biomhqanÐac ka-
j¸c ekeÐna qrhsimopoioÔn sugkekrimèna prìtupa. Skopìc thc paroÔsac diplwmatik c
ergasÐac eÐnai h epanaparametropoÐhsh tou prokÔptontoc sq matoc apì beltistopo-
Ðhsh morf c kai h epanasqedÐas  tou me trìpo sumbatì me kpoio prìtupo CAD.
'Ena apì ta sunhjèstera, sumbat me CAD, ergaleÐa sqedÐashc epifanei¸n eÐnai ta
epifaneiak NURBS. Gia na apod¸soun ta NURBS mÐa epifneia apaitoÔn dÔo para-
mètrouc. Arqikì b ma loipìn thc epanaparametropoÐhshc eÐnai na upologistoÔn, gia
kje shmeÐo thc epifneiac tou en lìgw sq matoc, dÔo parmetroi. Sth sunèqeia, me
bsh autèc tic paramètrouc kai tic suntetagmènec twn epifaneiak¸n shmeÐwn, prèpei
na upologistoÔn oi suntetagmènec twn shmeÐwn elègqou. Tèloc, prèpei na trèxei
ènac algìrijmoc beltistopoÐhshc pou ja prosdiorÐsei tic bèltistec jèseic twn shme-
Ðwn elègqou kaj¸c kai tic timèc twn bar¸n gia kje shmeÐo.
Gia thn parousÐash thc sqetik c jewrÐac, epilègetai na qrhsimopoihjoÔn kpoia apì
ta sunhjèstera antikeÐmena pou upìkeintai se beltistopoÐhsh morf c, oi ptèrugec
aeroskaf¸n. Gia autìn ton skopì, qrhsimopoioÔntai treic ptèrugec. Ta epifaneiak
plègmata kai twn tri¸n eÐnai mh-domhmèna. H mÐa apì tic treic ptèrugec qrhsimopoie-
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Ðtai ¸ste, b ma-b ma, na parousiastoÔn ta apotelèsmata tou anwtèrw algorÐjmou
epanaparametropoÐhshc. Se aut n thn ptèruga, to epifaneiakì plègma jewreÐtai
yeudo-domhmèno kaj¸c proèkuye apì th dhmiourgÐa trigwnik¸n stoiqeÐwn apì do-
mhmèna topojethmènouc kìmbouc. H llec ptèrugec èqoun mh-domhmèno plègma kai
ta apotelèsmat touc, mazÐ me sumpersmata gia th leitourgikìthta thc mejìdou,
parousizontai sto epìmeno keflaio.
H diadikasÐa parametropoÐhshc twn shmeÐwn twn pterÔgwn perilambnei ta ex c b ma-
ta:
a) QrhsimopoÐhsh twn suntetagmènwn tessrwn mh-sunepÐpedwn oriak¸n shmeÐwn
(dÔo pou orÐzoun to eujÔgrammo tm ma thc akm c prìsptwshc kai dÔo gia to antÐstoi-
qo thc akm c ekfug c) ta opoÐa orÐzoun èna tetrpleuro perÐgramma thc ptèrugac,
gia ton orismì enìc mèsou epipèdou to opoÐo kìbei kat m koc thn ptèruga.
b) Katagraf  twn shmeÐwn tou epifaneiakoÔ plègmatoc pou an koun sto nw kèlu-
foc thc ptèrugac kai ekeÐnwn pou an koun sto ktw.
g) Probol  ìlwn twn epifaneiak¸n shmeÐwn thc ptèrugac sto mèso epÐpedo.
d) Strof  tou mèsou epipèdou ¸ste na gÐnei parllhlo me èna ek twn kartesian¸n
epipèdwn kai metatìpis  tou ¸ste to èna ek twn oriak¸n shmeÐwn tou na brejeÐ sthn
arq  twn axìnwn.
e) Grammikì metasqhmatismì ìlwn twn epifaneiak¸n shmeÐwn ¸ste ta oriak shmeÐa
na brejoÔn stic gwnÐec enìc tetrag¸nou monadiaÐac pleurc.
st) TaÔtish akm¸n tou mèsou epipèdou stic pleurèc tou tetrag¸nou.
z) Diaqwrismìc twn epifaneiak¸n shmeÐwn tou nw kai tou ktw kelÔfouc thc ptèru-
gac.
'Ola ta anwtèrw programmatÐsthkan sto logismikì anoiktoÔ k¸dika OpenFOAM
[14] to opoÐo eÐnai programmatismèno se gl¸ssa C++ kai diajètei biblioj kec me
sunart seic gia th diaqeÐrish twn megej¸n (plegmatik¸n   mh) pou upeisèrqontai se
mÐa anlush Upologistik c Reustodunamik c (CFD).
Sto sq ma 3.1 diakrÐnetai to nèfoc shmeÐwn pou apartÐzei thn ptèruga me to yeudo-
domhmèno plègma kaj¸c kai h Ðdia h ptèruga.
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Sq ma 3.1: H ptèruga pou ja uposteÐ epexergasÐa sthn paroÔsa diplwmatik  ergasÐa
(pnw). Ac jewrhjeÐ ìti apoteleÐ to telikì apotèlesma enìc brìqou beltistopoÐhshc me
kpoio aerodunamikì krit rio. EpÐshc parousizontai oi epifaneiakoÐ thc kìmboi (ktw).
To yeudo-domhmèno plègma proèkuye apì domhmèno afoÔ ta tetrpleur tou diaqw-
rÐsthkan se trigwnik stoiqeÐa mèsw miac diagwnÐou touc.
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3.1 Orismìc kai EÔresh Prwtarqik¸n Mege-
j¸n
To epifaneiakì plègma thc pr¸thc ptèrugac pou exetzetai ed¸ apoteleÐtai apì 1149
shmeÐa. Enhmerwtik, h deÔterh ptèruga apoteleÐtai apì 26498 shmeÐa kai h trÐth a-
po 9753. Kai gia tic treic peript¸seic ta gwniak shmeÐa pou orÐzoun to perÐgramma
thc kje ptèrugac onomzontai ~C1; ~C2; ~C3; ~C4. En prokeimènw, to eujÔgrammo tm ma
pou orÐzoun ta ~C1 kai ~C4 antistoiqeÐ sthn akm  ekfug c en¸ autì pou orÐzoun ta
~C2 kai ~C3 antistoiqeÐ sthn akm  prìsptwshc. Ta n+1 epifaneiak shmeÐa sumbo-
lÐzontai me to sÔnolo dianusmtwn X to opoÐo perilambnei tic suntetagmènec touc.
X = ( ~X0; ~X1::: ~Xn) me ~Xi = (xi; yi; zi) 2 R3. Sth sunèqeia, katartÐzetai ènac arijmìc
stoiqeÐwn (epifanei¸n)   {fats¸n}, sth gl¸ssa tou OpenFOAM. Oi {ftsec} au-
tèc, oi opoÐec eÐnai oi pleurèc twn keli¸n tou upologistikoÔ plègmatoc pou brÐskontai
epÐ thc epifneiac thc ptèrugac, sumbolÐzontai me mÐa lÐsta apì akèraiouc arijmoÔc
oi opoÐoi upodeiknÔoun poia shmeÐa sunjètoun thn ekstote {ftsa}, sthn topik 
arÐjmhsh tou X. Sunep¸c, prokÔptei h lÐsta: E = (E0; E1:::Em) me Ei na eÐnai
h proanaferjeÐsa lÐsta me akèraiouc kai gia tic m+1 {ftsec}. Gia na gÐnei pio
kajarì autì, dÐnetai to ex c pardeigma: 'Estw ìti h 17 {ftsa} tou E, apote-
leÐtai apì ta epifaneiak shmeÐa me suntetagmènec ~X7, ~X65, ~X134. Tìte isqÔei ìti
E16 = (7; 65; 134) ìpwc faÐnetai sto sq ma 3.2.
Sq ma 3.2: Anaparstash miac {ftsac} tri¸n kìmbwn tou epifaneiakoÔ plègmatoc.
28
Ed¸ axÐzei na shmeiwjeÐ ìti to gegonìc ìti sto pardeigma qrhsimopoi jhke èna
aujaÐreto trigwnikì stoiqeÐo den exeidikeÔei to prìblhma. Sth genik  perÐptwsh,
eÐnai Ei = (n1; n2:::nj) me j na antistoiqeÐ ston arijmì shmeÐwn pou sunjètoun to
stoiqeÐo i. Autì to gegonìc knei ton algìrijmo efarmìsimo se ptèrugec gia tic
opoÐec eÐnai gnwstèc mìno oi anwtèrw plhroforÐec (X, C, E).
3.2 Orismìc Mèsou Epipèdou
Arqik  kÐnhsh gia thn parametropoÐhsh eÐnai dhmiourgÐa enìc mèsou epipèdou to opoÐo,
idanik, tèmnei thn ptèruga kat m koc ¸ste na th diaqwrÐzei se nw kai ktw kèlufoc
(Sq ma 3.3).
Sq ma 3.3: Prìoyh thc ptèrugac. H parousiazìmenh (kìkkinh) eujeÐa apeikonÐzei to
mèso epÐpedo.
To epÐpedo autì ja mporoÔse na oristeÐ apì ta tèssera gwniak shmeÐa ~C. Genik
ìmwc, den uprqei eggÔhsh ìti kai ta tèssera aut shmeÐa eÐnai sunepÐpeda.
Wc lÔsh, arqik kataskeuzontai dÔo dianÔsmata ~D1; ~D2 me kra ta diag¸nia shmeÐa
~C,
~D1 = ~C3   ~C1 (3.1)
~D2 = ~C4   ~C2 (3.2)
Sth sunèqeia, dhmiourgeÐtai èna dinusma ~D3 monadiaÐo kai kjeto sta ~D1 kai ~D2 to
opoÐo ja qrhsimopoihjeÐ ¸c to kjeto dinusma sto mèso epÐpedo (sq ma 3.5).
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Sq ma 3.4: PerÐgramma tetrapleÔrou (pijanìn strebloÔ) pou orÐzetai apì ta gwniak
shmeÐa.
~D3 =
~D2  ~D1
j ~D2  ~D1j
(3.3)
H prosèggish me ta diag¸nia dianÔsmata gÐnetai giatÐ, sth sunèqeia, ta shmeÐa apì thn
nw kai ktw pleur thc ptèrugac ja problhjoÔn sto mèso epÐpedo, kai mèsw aut c
thc prosèggishc, ta sflmata probol c elaqistopoioÔntai. Gia thn olokl rwsh tou
orismoÔ tou mèsou epipèdou apaiteÐtai o upologismìc enìc kèntrou brouc gia to
tetrpleuro pou orÐzoun ta tèssera shmeÐa ~C. Gia na gÐnei autì, dhmiourgoÔntai
dÔo trÐgwna ekatèrwjen thc diagwnÐou ~D1: To (~C1; ~C2; ~C3) kai to (~C1; ~C3; ~C4). Sth
sunèqeia upologÐzontai ta embad twn trig¸nwn me th sunrthsh tou 'Hrwna (sq ma
(3.6)) kai ta barÔkentra tou kje trig¸nou.
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Sq ma 3.5: Sqhmatik  apeikìnish diag¸niwn dianusmtwn kai tou kjetou sto epÐpe-
do.
Gia ta embad
h1 =
1
2
(j~C2   ~C1j+ j~C3   ~C2j+ j~C3   ~C1j)
A1 =
q
h1(h1   j ~C2   ~C1j)(h1   j~C3   ~C2j)(h1   j ~C3   ~C1j)
h2 =
1
2
(j~C3   ~C1j+ j~C4   ~C3j+ j~C4   ~C1j)
A2 =
q
h2(h2   j ~C3   ~C1j)(h2   j~C4   ~C3j)(h2  j ~C4   ~C1j)
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Sq ma 3.6: Qr sh sunrthshc tou 'Hrwna gia upologismì tou embadoÔ tou trig¸nou.
Gia ta barÔkentra
~S1 =
~C1 + ~C2 + ~C3
3
, ~S2 =
~C1 + ~C3 + ~C4
3
(3.4)
Praktik, ta dÔo trÐgwna sunjètoun to tetrpleuro (sq ma 3.5), sunep¸c isqÔei
~S(A1 + A2) = ~S1A1 + ~S2A2 , ~S =
~S1A1 + ~S2A2
A1 + A2
(3.5)
3.3 Diaqwrismìc nw-ktw kelÔfouc
To nw kai to ktw kèlufoc diaqwrÐzontai me qr sh twn {fats¸n}. Gia kje {ftsa}
upologÐzetai to kjeto monadiaÐo thc dinusma kai, sth sunèqeia, sugkrÐnetai h gwnÐa
tou me to kjeto monadiaÐo tou mèsou epipèdou ~D3. O upologismìc tou kjetou
monadiaÐou thc kje {ftsac} eÐnai efiktìc mìno an h {ftsa} eÐnai trigwnik , ki
autì diìti mìno èna trigwnikì stoiqeÐo èqei sÐgoura sunepÐpeda ìla tou ta shmeÐa.
Se aut n thn perÐptwsh, èqontac thn plhroforÐa gia to poia shmeÐa to sunjètoun
sto E all kai tic suntetagmènec touc sto X gÐnetai qr sh tou exwterikoÔ ginomènou
wc ex c
~Eni =
( ~Xn2i   ~Xn1i ) ( ~Xn3i   ~Xn1i )
j( ~Xn2i   ~Xn1i ) ( ~Xn3i   ~Xn1i )j
; i 2 [0;m] (3.6)
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ìpou ~Eni to kjeto monadiaÐo dinusma thc {ftsac} i. Efìson ìmwc, sth genik 
perÐptwsh qrhsimopoioÔntai mh-trigwnikèc {ftsec}, me kìmbouc ìqi upoqrewtik
sunepÐpedouc, ta kjeta monadiaÐa dianÔsmata upologÐzontai me ton akìloujo trìpo.
Sq ma 3.7: Pentagwnik  {ftsa} h opoÐa qwrÐzetai se 5 trigwnikèc gia tic opoÐec
eÐnai efiktìc o upologismìc kjetou dianÔsmatoc. O mèsoc ìroc twn kjetwn dianu-
smtwn kai twn pènte upì-fats¸n dÐnei to telikì mh-monadiaÐo kjeto dinusma thc
arqik c ftsac.
'Opwc faÐnetai sto sq ma 3.7 èna stoiqeÐo me tuqaÐo arijmì kìmbwn (ed¸ l.q. me pèn-
te) qwrÐzetai se trigwnik mèsw twn koruf¸n tou kai tou barÔkentroÔ tou. Arqik
upologÐzontai ta mh-monadiaÐa kjeta dianÔsmata gia kje trigwnikì upostoiqeÐo me
ton tÔpo tou exwterikoÔ ginomènou kai sth sunèqeia, lambnetai o mèsoc ìroc aut¸n.
H aitÐa pou lambnontai ta mh-monadiaÐa kjeta dianÔsmata ki ìqi ta kjeta monadia-
Ða dianÔsmata tou kje upostoiqeÐou eÐnai ìti prèpei na lhfjeÐ upìyh, wc broc, to
embadìn tou.
AfoÔ gÐnei o upologismìc tou ekstote ~Eni qrhsimopoieÐtai o tÔpoc tou eswterikoÔ
ginomènou ¸ste na epistrèyei th gwnÐa metaxÔ ~Eni kai ~D3 sto qwrÐo [0; ]. Sth
sunèqeia, upologÐzetai h posìthta
i = arccos( ~Eni  ~D3) (3.7)
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An i < 2 , h {ftsa} i an kei sthn nw pleur thc ptèrugac en¸ an i >

2
, h
{ftsa} i an kei sthn ktw pleur thc ptèrugac. 'Etsi, gÐnetai o diaqwrismìc twn
{fats¸n} E se lÐstec me {ftsec} kai shmeÐa tou nw (sq ma 3.8) kai tou ktw
kelÔfouc thc ptèrugac (sq ma 3.9).
Sq ma 3.8: Ta shmeÐa pou antistoiqoÔn sto nw kèlufoc met ton diaqwrismì.
3.4 Probol  sto mèso epÐpedo
O algìrijmoc probol c dianÔsmatoc se epÐpedo èqei wc ex c: An ~P èna shmeÐo tou
en lìgw epipèdou kai ~u to monadiaÐo kjeto sto epÐpedo dinusma, tìte mporeÐ na
problhjeÐ èna tuqaÐo dinusma ~V se autì (sq ma 3.10) kai na lhfjeÐ to probeblhmèno
dinusma ~~V mèsw thc sqèshc
~~V = ~V   ~u((~V   ~P )  ~u) (3.8)
'Ara gia ta shmeÐa ~C,
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Sq ma 3.9: Ta shmeÐa pou antistoiqoÔn sto ktw kèlufoc met ton diaqwrismì.
~~Ci = ~Ci   ~D3((~Ci   ~S)  ~D3); 1  i  4 (3.9)
kai gia ta ~X:
~~Xi = ~Xi   ~D3(( ~Xi   ~S)  ~D3); 0  i  n (3.10)
Efarmog  twn exis¸sewn, dÐnoun ta probeblhmèna shmeÐa tou sq matoc 3.11.
3.5 Strof  kai metafor tou mèsou epipèdou
To mèso epÐpedo me ta shmeÐa ~~Xi;
~~Ci eÐnai topojethmèno se èna tuqaÐo q¸ro ìpwc
kai h arqik  ptèruga. Se autì to b ma, gÐnetai h metbash apì to R3 sto R2.
Prokeimènou na gÐnei autì kai afoÔ ta arqik epifaneiak shmeÐa thc ptèrugac eÐnai
sunepÐpeda, metafèrontai pnw se èna apì ta kartesian epÐpeda ¸ste na èqoun nìhma
plèon mìno oi dÔo ek twn suntetagmènwn kai na mhdenÐsei h trÐth. En prokeimènw
epilèqjhke aujaÐreta (qwrÐc ìmwc blbh thc genikìthtac) to epÐpedo x-z. 'Epeita,
gÐnetai metafor tou epipèdou ¸ste to shmeÐo ~~C1 na tautisteÐ me thn arq  twn axìnwn.
Arqik, gia na gÐnei h strof  tou epipèdou kataskeuzetai èna mhtr¸o strof c. To
mhtr¸o gia na kataskeuasteÐ apaiteÐ èna monadiaÐo dinusma tou xona gÔrw apì ton
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Sq ma 3.10: Pardeigma probol c dianÔsmatoc se epÐpedo.
Sq ma 3.11: ParousÐash tou mèsou epipèdou mèsa apì ta shmeÐa thc ptèrugac.
opoÐo ja gÐnei h strof  kai thn tim  thc gwnÐac strof c.
Gia na prosdioristoÔn ìla aut qrhsimopoieÐtai to kjeto monadiaÐo dinusma tou
epipèdou ~D3 kaj¸c kai to kjeto monadiaÐo dinusma tou epipèdou x-z, y^ = (0; 1; 0).
36
H aparaÐthth gwnÐa strof c upologÐzetai mèsw tou eswterikoÔ ginomènou
 = arccos( ~D3  y^) (3.11)
To dinusma tou xona, gÔrw apì ton opoÐo ja strafeÐ to epÐpedo, dÐdetai apì to
exwterikì ginìmeno
~u =
~D3  y^
j ~D3  y^j
(3.12)
Profan¸c eÐnai: ~u = (u1; u2; u3) en¸ se perÐptwsh pou j ~D3 y^j = 0 isqÔei u1 = u2 =
u3 = 0. An c = cos ; s = sin , tìte to mhtr¸o strof c eÐnai to
T =
24 u21(1  c) + c u2u1(1  c)  u3s u3u1(1  c) + u2su1u2(1  c) + u3s u22(1  c) + c u3u2(1  c)  u1s
u1u3(1  c)  u2s u2u3(1  c) + u1s u23(1  c) + c
35 (3.13)
Met ton upologismì tou T , eÐnai profan¸c ~Xi = T  ~~Xi; 0  i  n kai ~Ci = T  ~~Ci; 1 
i  4. Me ~Xi kai ~Ci sumbolÐzontai ta epifaneiak kai ta gwniak shmeÐa antÐstoiqa
ta opoÐa èqoun strafeÐ me to mèso epÐpedo. Gia th metafor tou epipèdou kai twn
shmeÐwn pnw se autì, den mènei par na afairejeÐ to ~C1 apì ìla ta shmeÐa. Opìte
kai prokÔptei to telikì epÐpedo ìpwc faÐnetai sto sq ma 3.12.
Ta shmeÐa epÐ tou telikoÔ epipèdou èqoun mh-mhdenikèc suntetagmènec mìno x, z kai
thn kat y suntetagmènh touc mhdenik .
3.6 Apeikìnish sto [0,1]x[0,1]
Epìmenoc stìqoc eÐnai o grammikìc metasqhmatismìc twn suntetagmènwn ìlwn twn
epifaneiak¸n shmeÐwn ¸ste oi akmèc (~C2  ~C1) kai (~C4  ~C1) na apokt soun monadiaÐo
m koc kai na keÐntai stouc xonec x; z antistoÐqwc. Ta nèa shmeÐa ~Ci qrhsimopoioÔntai
wc oriakèc sunj kec se autìn ton metasqhmatismì. Sugkekrimèna, prèpei to ~C1 na
parameÐnei sthn arq  twn axìnwn, to ~C2 na metaferjeÐ sto shmeÐo (1,0) kai to ~C4 na
metaferjeÐ sto shmeÐo (0,1). O metasqhmatismìc autìc mporeÐ na epiteuqjeÐ me èna
mhtr¸o M kai oi nèec, metasqhmatismènec suntetagmènec pou ja prokÔyoun eÐnai h u
kat x kai h v kat z. Tìte, profan¸c,
M 

uci
vci

=

Xci
Zci

; 1  i  4 (3.14)
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Sq ma 3.12: Sq ma mèsou epipèdou met th strof  kai th metafor.
Me uci; vci sumbolÐzontai oi metasqhmatismènec suntetagmènec tou gwniakoÔ shmeÐou
~Ci en¸ me Xci; Zci sumbolÐzontai oi kat X kai Z suntetagmènec touc. Gia ta
proanaferjènta oriak shmeÐa ~C2 kai ~C4 isqÔei
M 

1
0

=

Xc2
Zc2

(3.15)
M 

0
1

=

Xc4
Zc4

(3.16)
To M ja eÐnai èna mhtr¸o 2 2 me
M =

M11 M12
M21 M22

Sunep¸c, M11 = Xc2;M21 = Zc2;M12 = Xc4;M22 = Zc4, opìte
M =

Xc2 Xc4
Zc2 Zc4

(3.17)
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Telik, to mhtr¸o grammikoÔ metasqhmatismoÔ M qrhsimopoieÐtai gia ton metasqh-
matismì ìlwn twn shmeÐwn X. Sunep¸c, gia i = 0; :::n, eÐnai

ui
vi

= M 1 

Xi
Zi

kai, profan¸c, 
uc3
vc3

= M 1 

Xc3
Zc3

'Etsi, prokÔptoun ta metasqhmatismèna shmeÐa tou sq matoc 3.13.
Sq ma 3.13: To mèso epÐpedo me tic akmèc ~C1 ~C2; ~C1 ~C4 na tautÐzontai me dÔo akmèc
tou tetrag¸nou [0; 1] [0; 1].
3.7 Prosarmog  shmeÐwn sta ìria
Oi nèec metasqhmatismènec suntetagmènec (u; v), gia na apokt soun nìhma wc pa-
rmetroi, prèpei na katalambnoun ìlo ton q¸ro monadiaÐou tetrag¸nou sto opoÐo
prosarmìsthkan ta ìri touc. Parìlo ìmwc, pou trÐa apì ta tèssera oriak shmeÐa
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metafèrjhkan sta kra tou tetrag¸nou [0,1]x[0,1], eÐnai fanerì ìti ta upìloipa ìria
den eÐnai prosarmosmèna se aut tou tetrag¸nou. Kpoia shmeÐa eÐnai entìc tou
qwrÐou af nontac kpoia meglh epifnei tou deia kai kpoia ektìc. To prìblhma
autì eÐnai sÔnjeto kaj¸c afenìc eÐnai dÔskolh h antÐlhyh tou poia shmeÐa eÐnai o-
riak kai afetèrou prèpei na efarmosteÐ èna sq ma elègqou to opoÐo na anagnwrÐzei
proc poio ìrio prèpei na kinhjeÐ to ekstote shmeÐo kai me poiìn prosanatolismì.
Gia na gÐnei pio katanohtì autì gÐnetai parapomp  sto sq ma 3.13. Apì to sq ma
eÐnai profanèc pwc ìlo to pnw ìrio prèpei na metaferjeÐ pnw sthn eujeÐa v = 1.
Autì ìmwc den eÐnai efiktì me èlegqo apìstashc kaj¸c kpoia shmeÐa tou nw orÐou
brÐskontai eggÔtera sthn eujeÐa u = 1.
Parllhla, den arkeÐ h kÐnhsh twn oriak¸n shmeÐwn an aut  den thn akolouj soun
kai ta eswterik. An den gÐnei autì, eÐnai profanèc ìti sto plègma ja uprxoun
anakatatxeic sthn topologÐa (to plègma ja {kabal sei} ). Gia thn epÐlush twn
anwtèrw epilègetai o epìmenoc algìrijmoc.
3.7.1 Anagn¸rish oriak¸n akm¸n
Arqik qrhsimopoioÔntai oi {ftsec} thc nw kai thc ktw ptèrugac (sq mata 3.8,
3.9) ¸ste mèsw tou OpenFOAM na katartistoÔn dÔo upo-epifneiec pou na antistoi-
qoÔn sta kelÔfh tic ptèrugac. Sth sunèqeia, katagrfontai ta eujÔgramma tm mata
(akmèc) ta opoÐa en¸noun touc kìmbouc thc kje upo-epifneiac. To kje tm ma
eÐnai èna zeÔgoc apì akèraiouc pou antistoiqoÔn stouc kìmbouc touc opoÐouc en¸nei.
Lìgou qrh, to tm ma   akm  pou en¸nei touc kìmbouc 10,15 grfetai wc (10 , 15)
(sq ma 3.14).
Sq ma 3.14: Sqhmatik  anaparstash kai arÐjmhsh miac akm c.
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To OpenFOAM arijmeÐ touc kìmbouc twn {fats¸n} twn oriak¸n keli¸n tou an-
jwrologiak, {koit¸ntac} apì to reustì proc to ìrio (sq ma 3.15). GnwrÐzontac
aut n thn plhroforÐa kai qrhsimopoi¸ntac th sunrthsh elègqou isInternalEdge tou
OpenFOAM kajorÐzontai dÔo prgmata. Afenìc kataskeuzetai mÐa lÐsta gia ka-
jemi apì tic dÔo upo-epifneiec thc ptèrugac, h opoÐa ja diajètei tic exwterikèc
akmèc thc kai afetèrou anagnwrÐzetai h for thc kje exwterik c akm c. For thc
akm c eÐnai to dinusma to opoÐo prokÔptei afair¸ntac tic suntetagmènec tou pr¸tou
shmeÐou apì autèc tou teleutaÐou (sq ma 3.14). Koit¸ntac tic oriakèc {ftsec} apì
to reustì proc ta stere toiq¸mata prèpei na diabzontai oi kìmboi pou tic apo-
teloÔn me suneq  wrologiak    anjwrologiak  for akolouj¸ntac tic forèc twn
akm¸n thc ìpwc faÐnetai sto sq ma 3.16. 'Epeita, gÐnetai èlegqoc gia kje akm  kai
upologÐzetai an aut  sundei me thn prokajorismènh for.
Sq ma 3.15: Oriakì kelÐ. Pardeigma arÐjmhshc {koit¸ntac} apì to reustì proc to
stereì toÐqwma.
3.7.2 EÔresh prosanatolismoÔ exwterik¸n kìmbwn
H diadikasÐa thc prohgoÔmenhc enìthtac gÐnetai kaj¸c prèpei na kajoristoÔn ta
kjeta dianÔsmata sth for kje akm c kai sth sunèqeia, na epibebaiwjeÐ ìti ìla
ta dianÔsmata aut {deÐqnoun} èxw apì to qwrÐo (  mèsa). Ta kjeta dianÔsmata
kajorÐzontai me thn efarmog  aploÔ mhtr¸ou strof c stic forèc twn akm¸n. Gia
peristrof  perÐ tou xona y to mhtr¸o strof c gÐnetai
Ry =

cos  sin 
  sin  cos 

(3.18)
41
Sq ma 3.16: Pardeigma miac akm c me anpodh for apì tic geitonikèc thc. An
aut  h akm  an kei se oriak  {ftsa}, eÐnai profanèc ìti den gÐnetai ta dianÔsmata
twn for¸n twn akm¸n na oloklhr¸soun mia pl rh kuklik  kÐnhsh (wrologiak    mh.)
'Ara, 
x0
z0

= Ry 

x
z

Ta shmeÐa tou mèsou epipèdou brÐskontai sto epÐpedo x-z to opoÐo eÐnai aristerìstro-
fo (to dexiìstrofo eÐnai to z-x). Sunep¸c, strof  90o perÐ ton xona twn y shmaÐnei
sto x-z epÐpedo strof   90o perÐ ton xona twn y. Sunep¸c, h gwnÐa strof c eÐnai
 =  90o opìte 
x0
z0

=

0  1
1 0



x
z

(3.19)
'An loipìn gia kje èna ek twn n+ 1 shmeÐwn tejeÐ sth sqèsh (3.19) x = u kai z = v,
brÐskw ta kjeta stic akmèc dianÔsmata (sq ma 3.17).
'Epeita apì autì to b ma, to endiafèron metafèretai apì tic oriakèc akmèc, stouc
oriakoÔc kìmbouc. OrÐzetai to yeudo-kjeto dinusma kje kìmbou, me arq  tic
suntetagmènec tou kìmbou, wc to hmi-jroisma twn kjetwn dianusmtwn twn dÔo
akm¸n stic opoÐec an kei (sq ma 3.18).
Plèon, ìtan gÐnetai anafor se kjeta dianÔsmata ja ennooÔntai ta yeudo-kjeta
twn kìmbwn. Sth sunèqeia, upologÐzontai gia kje kjeto dinusma dÔo gwnÐec:
mÐa me ton xona twn u kai mÐa me ton xona twn v. Autì gÐnetai mèsw eswterikoÔ
ginomènou, prgma pou, ìpwc proanafèrjhke, shmaÐnei ìti ja epistrèyei gwnÐec me-
taxÔ 0o kai 180o. Oi gwnÐec autèc qrhsimopoioÔntai wc deÐkthc prosanatolismoÔ tou
kìmbou. Oi gwnÐec sugkrÐnontai kai h mikrìterh kajorÐzei ton prosanatolismì. Oi
upologizìmenec gwnÐec, u kai v, antikajÐstantai me tic paraplhrwmatikèc touc an
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Sq ma 3.17: For kjetwn stic akmèc dianusmtwn. Prìkeitai ousiastik gia ta
dianÔsmata-forèc twn akm¸n ìtan strafoÔn kat 90o anjwrologiak.
Sq ma 3.18: Anaparstash yeudokjetou dianÔsmatoc kìmbou. Arqik, upologÐzon-
tai ta kjeta dianÔsmata twn akm¸n ekatèrwjen se autìn kai, sth sunèqeia, upologÐzetai
to hmijroism touc.
xepernoÔn tic 90o.
'Opwc eÐnai plèon profanèc, oi u, v qrhsimopoioÔntai gia ton kajorismì twn orÐwn,
proc ta opoÐa prèpei na kinhjeÐ kje kìmboc. Kje oriakìc kìmboc, loipìn, akoloujeÐ
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Sq ma 3.19: Pardeigma epilog c prosanatolismoÔ. Parousizetai to yeudo-kjeto
dinusma pnw se èna kìmbo. EÐnai eukrinèc ìti u < v. Sunep¸c, o kìmboc ja
akolouj sei to dexÐ ìrio.
to ìrio me to opoÐo, prwtÐstwc to kjeto dinusm tou parousÐase mikrìterh gwnÐa,
kai deutereuìntwc brÐsketai pio kont tou. Efarmog  twn anwtèrw sthn perÐptwsh
pou exetzetai dÐnei ta apotelèsmata twn sqhmtwn 3.20, 3.21.
Sq ma 3.20: Oriak shmeÐa thc nw pleurc thc ptèrugac ta opoÐa èqoun pisei to
ìrio tou tetrag¸nou [0; 1] [0; 1]. 'Epeita apì autì prèpei na akolouj soun oi eswterikoÐ
kìmboi thn kÐnhsh tou orÐou.
AxÐzei na shmeiwjeÐ pwc ta nw kai ktw kelÔfh thc ptèrugac moizoun exaitÐac thc
morf c oriakoÔ plègmatoc sthn ptèruga me to yeudodomhmèno plègma. Oi kìmboi
eÐqan topojethjeÐ summetrik wc proc to mèso epÐpedo sunep¸c h probol  pou ègine
sthn enìthta (3.3) èdwse sqedìn Ðdiec suntetagmènec se kpoia zeÔgh shmeÐwn.
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Sq ma 3.21: Oriak shmeÐa thc ktw pleurc thc ptèrugac ta opoÐa èqoun pisei to
ìrio tou tetrag¸nou [0; 1] [0; 1]. 'Epeita apì autì prèpei na akolouj soun oi eswterikoÐ
kìmboi thn kÐnhsh twn exwterik¸n.
3.7.3 MetakÐnhsh eswterik¸n kìmbwn
AfoÔ metakinhjoÔn ìloi oi oriakoÐ kìmboi, prèpei oi eswterikoÐ na touc akolou-
j soun. O trìpoc me ton opoÐo gÐnetai autì lambnei upìyh ta ex c: Kje eswterikìc
kìmboc prèpei na akoloujeÐ ton plhsièstero oriakì kai h apìstash pou ja dianÔei
na eÐnai sunrthsh thc apìstas c tou apì ton plhsièstero oriakì. 'Etsi exasfa-
lÐzetai omoiomorfÐa sto plègma ¸ste na mhn allxei h topologÐa twn {fats¸n} kai
epiplèon, o kje oriakìc kìmboc ja ephrezei ìsouc eswterikoÔc brÐskontai entìc
miac sugkekrimènhc aktÐnac apì to ìrio.
Aut odhgoÔn sto ex c: An i ènac eswterikìc kìmboc gia ton opoÐo anazhteÐtai h
metatìpish kai ib o plhsièsteroc oriakìc kìmboc, orÐzetai
~dr(i) = f(i) ~dr(ib) (3.20)
ìpou
~dr(i) : to anazhtoÔmeno dinusma metatìpishc gia ton kìmbo i,
f : h sunrthsh apìsbeshc pou kajorÐzei ti posostì thc metatìpishc tou oriakoÔ
kìmbou ja akolouj sei o eswterikìc,
~dr(ib) : to dinusma metatìpishc tou oriakoÔ kìmbou ib ìpwc upologÐsthke sthn
prohgoÔmenh enìthta.
Gia kje eswterikì kìmbo i, o ib entopÐzetai me èlegqo apìstashc wc o kontinìteroc
ek twn oriak¸n. H apìstash tou i apì ton ib onomzetai d(i). EpÐshc orÐzetai kai
mÐa mègisth apìstash dmax (proanaferjeÐsa aktÐna) h opoÐa prokÔptei wc h mègisth
ek twn apostsewn d(i).
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Me bsh ta parapnw, qrhsimopoieÐtai [15] sunrthsh apìsbeshc h opoÐa upologÐze-
tai gia kje kìmbo (eswterikì kai oriakì)
f(i) =
f 22 (i)
f 21 (i) + f
2
2 (i)
(3.21)
me
f1(i) =
1  exp( d(i)=dmax)
(e  1)=e (3.22)
kai
f2(i) =
1  exp(1  d(i)=dmax)
e  1 (3.23)
AfoÔ exetzontai ìloi oi kìmboi, to d(i) ekteÐnetai apì 0 èwc dmax. Profan¸c, ìtan
d(i) = 0, o i brÐsketai pnw sto ìrio opìte i = ib.
Sq ma 3.22: Grafik  parstash thc sunrthshc f1 gia tuqaÐo dmax.
'Opwc gÐnetai fanerì apì ta sq mata 3.22, 3.23, 3.24, h f fjÐnei apì to 1 sto 0
kaj¸c to d(i) auxnei apì 0 èwc dmax. Sunep¸c, oi oriakoÐ kìmboi pragmatopoioÔn
thn upologismènh metatìpish en¸ oi eswterikoÐ akoloujoÔn ektel¸ntac èna posostì
aut c.
46
Sq ma 3.23: Grafik  parstash thc sunrthshc f2 gia tuqaÐo dmax.
Sq ma 3.24: Grafik  parstash thc sunrthshc f gia tuqaÐo dmax.
3.8 Diaqwrismìc kìmbwn twn dÔo pleur¸n thc
ptèrugac
H katlhxh tou prohgoÔmenou b matoc eÐnai èna tetrgwno sto [0, 1]x[0, 1] to opoÐo
èqei dispartouc touc kìmbouc thc nw kai thc ktw pleurc thc ptèrugac. Se autì47
Sq ma 3.25: Telik  prosarmog  twn shmeÐwn sto ìrio. Arqik, metatopÐsthkan oi
oriakoÐ kìmboi ìpwc faÐnetai sta sq mata 3.20, 3.21. Sth sunèqeia, akoloÔjhsan thn
kÐnhsh aut  oi eswterikoÐ kìmboi ¸ste na prokÔyei h paroÔsa eikìna. Sthn nw dexi
gwnÐa, parathreÐtai ènac kenìc q¸roc. Autì sumbaÐnei kaj¸c, sto sugkekrimèno plègma,
qreisthke na metakinhjeÐ mìno to nw ìrio kai ìqi to dexÐ. Sunep¸c, oi eswterikoÐ
kìmboi akoloÔjhsan thn kÐnhsh mìno tou pnw orÐou dhmiourg¸ntac to kenì.
to b ma diaqwrÐzontai ¸ste oi men thc ktw pleurc na katalambnoun to misì tou
uprqontoc tetrag¸nou kai to upìloipo misì oi pnw. To b ma autì eÐnai anagkaÐo
kaj¸c, ìpwc proanafèrjhke, kat thn probol  sthn enìthta (3.3), proèkuyan zeÔgh
kìmbwn me Ðdiec suntetagmènec. Efìson eÐqan Ðdiec suntetagmènec met thn probol 
kai upèsthsan touc Ðdiouc metasqhmatismoÔc, tìte eÐnai logikì sto tetrgwno tou
sq matoc 3.25, oi kìmboi na eÐnai diploÐ. O diaqwrismìc mporeÐ na gÐnei eÐte kat thn
u eÐte kat thn v dieÔjunsh. Epilègetai na gÐnei kat thn u. An sumbolistoÔn me
low oi kìmboi thc ktw pleurc kai nlow o arijmìc touc kai me up oi kìmboi thc pnw
pleurc kai nup o arijmìc touc, tìte oi suntetagmènec kai twn dÔo metasqhmatÐzontai
wc:
ui = 0:5(1  ui;low) (3.24)
vi = vi;low
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gia i 2 [1; nlow] kai
ui+nlow = 0:5(1 + ui;up) (3.25)
vi+nlow = vi;up
gia i 2 [1; nup]
'Etsi to tetrgwno diaqwrÐzetai katakìrufa kai prokÔptei to apotèlesma tou sq ma-
toc 3.26.
Sq ma 3.26: Telik  parametropoÐhsh thc ptèrugac me to yeudo-domhmèno plègma.
Oi telikèc jèseic twn kìmbwn proèkuyan met ton diaqwrismì twn dipl¸n kìmbwn tou
sq matoc 3.25
'Opwc anamènotan, exaitÐac twn dipl¸n kìmbwn, to sq ma 3.26 eÐnai èna diplìc ka-
toptrismìc tou 3.25 perÐ to u = 0:5. Parìla aut, oi kìmboi pou brÐskontai sto
u = 0:5 parèmeinan diploÐ afoÔ proèkuyan gia ulow = uup = 0. Autì dhmiourgeÐ
probl mata argìtera, ìtan gÐnetai qr sh epifneiac NURBS. Oi sunart seic bshc
efarmìzontai sta dipl shmeÐa kai kaloÔntai na parxoun apì Ðdia zeÔgh (u; v) dia-
foretikèc qwrikèc suntetagmènec. Autì profan¸c den eÐnai efiktì. Wc lÔsh gÐnetai
na efarmostoÔn oi exis¸seic (3.24)-(3.25) elafr¸c diaforetik, ¸ste o diaqwrismìc
na mhn gÐnei akrib¸c sth mèsh tou tetrag¸nou kai oi parmetroi thc ktw ptèrugac
na ekteÐnontai mèqri to 0.48 antÐ to 0.5 kai autèc thc nw na xekinoÔn apì to 0.5 kai
met.
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3.9 Kataskeu  enìc dianÔsmatoc kìmbwn
Stic prohgoÔmenec okt¸ enìthtec tou parìntoc kefalaÐou, stìqoc  tan h epituq c
parametropoÐhsh twn epifaneiak¸n shmeÐwn thc ptèrugac ¸ste oi qwrikèc suntetag-
mènec na gÐnoun parametrikèc (u,v). Gia na dhmiourghjeÐ epifneia NURBS h opoÐa
proseggÐzei thn epifneia thc ptèrugac me bèltisto trìpo, apaiteÐtai o upologismìc
dÔo akìma stoiqeÐwn: prwteuìntwc, enìc dianÔsmatoc kìmbwn (knot vector) pou na
lambnei upìyh tou thn auxhmènh sugkèntrwsh shmeÐwn entìc tou tetrag¸nou [0,
1]x[0, 1] kai, deutereuìntwc, mÐac arqik c prosèggishc thc jèshc twn shmeÐwn elèg-
qou (control points).
Sthn perÐptwsh pou exetzetai, èna omogenèc dinusma kìmbwn eÐnai eparkèc gia thn
kataskeu  thc epifneiac all, epeid  sthn genik  perÐptwsh ta plègmata den eÐnai
yeudodomhmèna, proteÐnetai [16] h ex c mèjodoc eÔreshc tou dianÔsmatoc (h opoÐa
efarmìzetai sthn ptèruga me to mh-domhmèno plègma): 'Estw èna dinusma ~ pou
anafèretai sthn parmetro u kai èna dinusma ~ pou anafèretai sthn parmetro v.
Ed¸ ja parousiasteÐ h mèjodoc gia th dhmiourgÐa tou ~, me aut n gia to ~ na eÐnai
panomoiìtuph. Pr¸th kÐnhsh eÐnai ditaxh twn u; v se aÔxousa seir. Autì gÐnetai
me ton algìrijmo ditaxhc ShellSort [17] o opoÐoc analÔetai sto parrthma. 'Estw
~u; ~v oi diatetagmènec parmetroi u; v. Epilègetai o bajmìc twn poluwnÔmwn bshc
p kai o arijmìc twn shmeÐwn elègqou nCP . To mègejoc tou dianÔsmatoc ~ ja eÐnai
m + 1 = nCP + p + 1 . Ex aut¸n, ta pr¸ta p + 1 stoiqeÐa eÐnai mhdenik kai ta
teleutaÐa p+ 1 eÐnai monadiaÐa. Ta endimesa ja prokÔyoun wc ex c:
An I mia parmetroc b ma pou orÐzetai wc
I =
n
nCP   p+ 1 (3.26)
'Epeita, gia i = 1; 2:::; (nCP   p), upologÐzontai
j = bIic
kai
Rg = Ii  j
p+i = (1 Rg)~uj +Rg~vj+1 (3.27)
'Etsi upologÐzetai kje stoiqeÐo tou dianÔsmatoc ~ kai, sth sunèqeia, kai tou ~.
Endeiktik, gia nCP = 18 kai p = 3, lambnetai to ex c dinusma ~ me m koc:
m+ 1 = nCP + p+ 1 = 18 + 3 + 1 = 22
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~ =
2666666666666666666666666666666666666664
0
0
0
0
0:0001
0:03
0:08
0:1
0:14
0:28
0:36
0:4
0:54
0:64
0:77
0:83
0:89
0:96
1
1
1
1
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3.10 Kataskeu  epifneiac NURBS
3.10.1 EÔresh arqik¸n shmeÐwn elègqou
Sto shmeÐo autì, aut pou eÐnai diajèsima gia ton upologismì thc NURBS epifneiac
eÐnai oi parametrikèc suntetagmènec u; v kaj¸c kai ta dianÔsmata kìmbwn. Prèpei,
sunep¸c, na upologistoÔn kai oi suntetagmènec twn shmeÐwn elègqou prokeimènou
na lhfjeÐ mÐa pr¸th prosèggish thc proc kataskeu n epifneiac. Autì gÐnetai mèsw
sqhmtwn grammik c palindrìmhshc (linear regression) [18]. Sth statistik , gram-
mik  palindrìmhsh eÐnai mÐa mèjodoc eÔreshc thc grammik c sqèshc pou sundèei èna
mègejoc me èna llo. En prokeimènw, anazhteÐtai to mhtr¸o N pou sundèei tic sun-
tetagmènec twn epifaneiak¸n kìmbwn me tic suntetagmènec twn shmeÐwn elègqou.
Qrhsimopoi¸ntac thn epanalhptik  mèjodo Cox-deBoor [13] gÐnetai o upologismìc
enìc mhtr¸ou N pou ja perièqei tic sunart seic bshc twn epifaneiak¸n B-splines.
An nCP ;mCP oi arijmoÐ twn shmeÐwn elègqou stic u; v dieujÔnseic antÐstoiqa, tìte
o sunolikìc arijmìc shmeÐwn elègqou ja eÐnai k = nCPmCP kai to mhtr¸o N prèpei
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na eÐnai tètoio ¸ste
X = N  P (3.28)
X eÐnai to [n 3] mhtr¸o me tic suntetagmènec twn epifaneiak¸n shmeÐwn thc ptèru-
gac (pro epexergasÐac). P eÐnai to [k  3] mhtr¸o me tic suntetagmènec twn proc
upologismì shmeÐwn elègqou. N eÐnai to [nk] mhtr¸o me tic timèc twn sunart sewn
bshc. Endeqìmena brh twn shmeÐwn elègqou se autì to pr¸to stdio agnooÔntai.
To mhtr¸o autì diajètei tìsec seirèc ìsoc eÐnai kai o arijmìc twn paramètrwn u  
v pou proèkuyan apì touc plegmatikoÔc kìmbouc kai tìsec st lec ìsa kai ta shmeÐa
elègqou. Efìson prìkeitai gia epifneia, tìte to kje stoiqeÐo tou N prokÔptei
wc ginìmeno miac sunrthshc bshc gia thn parmetro u kai miac sunrthshc bshc
gia thn parmetro v. Oi sunart seic prèpei na sunduzontai me tètoio trìpo ¸ste
na uprqei antistoiqÐa metaxÔ aut¸n kai twn shmeÐwn elègqou. 'Estw loipìn p; q oi
bajmoÐ twn poluwnÔmwn bshc stic u; v kateujÔnseic. Ston sun jh sumbolismì, èna
shmeÐo elègqou grfetai wc èna dinusma ~Pij me i = 1; :::; nCP kai j = 1; :::;mCP . To
sugkekrimèno shmeÐo elègqou gia na d¸sei qwrikèc suntetagmènec prèpei na polla-
plasizetai me Ni;p(u) Nj;q(v). An sto shmeÐo ~X0 antistoiqoÔn oi parmetroi (u0; v0)
tìte profan¸c eÐnai
~X0 =
nCPX
i=1
mCPX
j=1
Ni;p(u0)Nj;q(v0)~Pij (3.29)
H antistoiqÐa metaxÔ thc gramm c l sto mhtr¸o P kai thc arÐjmhshc i; j prokÔptei
l = j + (i  1)mCP kai profan¸c l = 1; :::; k efìson i = 1; :::nCP kai j = 1; :::;mCP
AntÐstoiqa, prokÔptei kai h arÐjmhsh twn sthl¸n tou mhtr¸ou N
Nol = Ni;p(uo)Nj;q(vo) (3.30)
ìpou o eÐnai o deÐkthc twn shmeÐwn / paramètrwn pou lambnei timèc sto [0; n]. Pa-
rastatik ta mhtr¸a eÐnai
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N =
264N1;p(u0)N1;q(v0) N1;p(u0)N2;q(v0) : : : : : : NnCP ;p(u0)NmCP ;q(v0)N1;p(u1)N1;q(v1) N1;p(u1)N2;q(v1) : : : : : : NnCP ;p(u1)NmCP ;q(v1)
...
...
...
...
...
375
P =
26664
Px;11 Py;11 Pz;11
Px;12 Py;12 Pz;12
...
...
...
Px;nCPmCP Py;nCPmCP Pz;nCPmCP
37775
Plèon, afoÔ kataskeusthke to mhtr¸o N prèpei na gÐnei qr sh autoÔ ¸ste apì to
N kai to Q na upologisteÐ to R. To prìblhma eÐnai uper-orismèno, dhlad  uprqoun
perissìterec exis¸seic apì agn¸stouc. Profan¸c, to N den eÐnai tetragwnikì mh-
tr¸o opìte den antistrèfetai. MporeÐ ìmwc, me diadikasÐa elaqÐstwn tetrag¸nwn,
na upologisteÐ ènac yeudo-antÐstrofoc o opoÐoc pollaplasiazìmenoc me to mhtr¸o
Q na d¸sei to mhtr¸o R. Gia ton upologismì tou yeudo-antistrìfou autoÔ gÐnetai
qr sh thc mejìdou SVD (Singular Value Decomposition), [19], h opoÐa analÔetai
sto parrthma. H mèdodoc SVD ja d¸sei èna mhtr¸o Ninv me diastseic [k  n].
Sunep¸c, P = Ninv X.
Ta arqik shmeÐa elègqou pou lambnontai faÐnontai sto sq ma 3.27:
Sq ma 3.27: Arqik shmeÐa elègqou pou prokÔptoun apì to prìblhma grammik c
palindrìmhshc (me kìkkino qr¸ma), kai h sqetik  touc jèsh me thn arqik  ptèruga
(me prsino qr¸ma).
Aut, pollaplasiazìmena me to mhtr¸o N, dÐnoun ta shmeÐa tou sq matoc 3.28.
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Sq ma 3.28: SÔgkrish epifneiac arqik c ptèrugac me aut n pou proèkuye èpeita
apì thn grammik  palindrìmhsh. DiakrÐnetai h arqik  epifneia thc ptèrugac (prsino)
kai oi kìmboi pou dhmiourg jhkan apì thn epifneia NURBS me ta shmeÐa elègqou tou
sq matoc 3.27 (kìkkino).
3.10.2 BeltistopoÐhsh thc jèshc twn shmeÐwn elègqou
kai twn bar¸n
H lÔsh tou probl matoc pou prokÔptei me th mèjodo grammik c palindrìmhshc (linear
regression), dÐnei polÔ kal apotelèsmata. H SVD wc mèjodoc elaqÐstwn tetra-
g¸nwn dÐnei to bèltisto apì mình thc. 'Omwc, gia megla mhtr¸a   mhtr¸a qwrÐc
diag¸nia kuriarqÐa, h mèjodoc SVD mporeÐ na parousisei sflmata. Gia thn olo-
kl rwsh thc mejìdou pou ulopoieÐtai se aut n thn ergasÐa parousizetai mèjodoc
beltistopoÐhshc, h opoÐa me eleÔjerec paramètrouc ta shmeÐa elègqou all kai ta
brh, stoqeÔei sthn exleiyh sfalmtwn.
Pr¸to stdio thc beltistopoÐhshc eÐnai o orismìc miac antikeimenik c sunrthshc.
KÔrio mèlhma eÐnai h elaqistopoÐhsh thc apìstashc metaxÔ thc arqik c epifneiac thc
ptèrugac kai thc prokÔptousac epifneiac. Autì mporeÐ na epiteuqjeÐ an mhdenistoÔn
oi apostseic twn arqik¸n epifaneiak¸n plegmatik¸n kìmbwn thc ptèrugac kai twn
prokuptìntwn epifaneiak¸n kìmbwn apì th beltistopoÐhsh. Sunep¸c, gia 0  i  n,
an ~Xi = (xi; yi; zi) ta arqik shmeÐa (sthn ptèruga pro epexergasÐac) kai ~Xopt;i =
(xopt;i; yopt;i; zopt;i) ta prokÔptonta shmeÐa (lìgw beltistopoÐhshc), tìte prèpei na
elaqistopoihjeÐ h
J =
1
2
nX
i=0

(xopt;i   xi)2 + (yopt;i   yi)2 + (zopt;i   zi)2

(3.31)
54
Gia na upologistoÔn ta shmeÐa ~Xopt gÐnetai qr sh tou tÔpou twn rht¸n (rational) B-
splines o opoÐoc an qrhsimopoihjeÐ to mhtr¸o N pou upologÐsthke sthn prohgoÔmenh
enìthta gÐnetai
~Xopt;i =
Pk
j=1Nijwj
~PjPk
j=1Nijwj
: (3.32)
Oi eleÔjerec parmetroi ìpwc proanafèrjhke eÐnai oi suntetagmènec twn shmeÐwn
elègqou kaj¸c kai ta brh. Sunep¸c, an k ta sunolik shmeÐa elègqou tìte to
dinusma paramètrwn beltistopoÐhshc ~b èqei 4k stoiqeÐa. Arqik, èqei ìlec tic sun-
tetagmènec kat x twn shmeÐwn ~P , èpeita autèc kat y, èpeita autèc kat z kai, tèloc,
ta brh w. Dhlad ,
~b =
2666666666666666666666666666664
Px;1
Px;2
...
Px;k
Py;1
Py;2
...
Py;k
Pz;1
Pz;2
...
Pz;k
w1
w2
...
wk
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(3.33)
Epìmenh kÐnhsh eÐnai o upologismìc tou dianÔsmatoc twn parag¸gwn dJ
d~b
. Sth sqèsh
(3.31) oi sunist¸sec pou exart¸ntai me ton èna   ton llo trìpo apì to ~b eÐnai autèc
tou ~Xopt kaj¸c oi sunist¸sec tou ~X eÐnai stajerèc.
'Ara, me parag¸gish thc (3.31),
dJ
d~b
=
nX
i=0

(xopt;i   xi)@xopt;i
@~b
+ (yopt;i   yi)@yopt;i
@~b
+ (zopt;i   zi)@zopt;i
@~b

(3.34)
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EpÐshc, upologÐzontai oi sunist¸sec tou ~Xopt,
xopt;i =
Pk
j=1NijwjPx;jPk
j=1Nijwj
(3.35)
yopt;i =
Pk
j=1NijwjPy;jPk
j=1Nijwj
(3.36)
zopt;i =
Pk
j=1NijwjPz;jPk
j=1Nijwj
(3.37)
Gia j = 1; ::4k
@xopt;i
@bj
=
8>>>>>>>>>><>>>>>>>>>>:
Px;(j 3k)Ni(j 3k)
Pk
g=1Nigwg Ni(j 3k)
Pk
g=1 Px;gNigwg
(
Pk
g=1Nigwg)
2
, an j > 3k
wjNijPk
g=1Nigwg
, an 1  j  k
0 , an k + 1  j  2k
0 , an 2k + 1  j  3k
(3.38)
@yopt;i
@bj
=
8>>>>>>>>>><>>>>>>>>>>:
Py;(j 3k)Ni(j 3k)
Pk
g=1Nigwg Ni(j 3k)
Pk
g=1 Py;gNigwg
(
Pk
g=1Nigwg)
2
, an j > 3k
0 , an 1  j  k
wj kNi(j k)Pk
g=1Nigwg
, an k + 1  j  2k
0 , an 2k + 1  j  3k
(3.39)
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@zopt;i
@bj
=
8>>>>>>>>>><>>>>>>>>>>:
Pz;(j 3k)Ni(j 3k)
Pk
g=1Nigwg Ni(j 3k)
Pk
g=1 Py;gNigwg
(
Pk
g=1Nigwg)
2
, an j > 3k
0 , an 1  j  k
0 , an k + 1  j  2k
wj 2kNi(j 2k)Pk
g=1Nigwg
, an 2k + 1  j  3k
(3.40)
Met ton upologismì twn merik¸n parag¸gwn mèsw twn (3.38),(3.39),(3.40), autèc
antikajÐstantai sthn (3.34) kai lambnetai h èkfrash twn parag¸gwn euaisjhsÐac.
Sth sunèqeia, efarmìzetai sq ma beltistopoÐhshc ¸ste na epiteuqjeÐ sÔgklish thc
sunrthshc stìqou. Sthn perÐptwsh pou exetzetai, epilèqjhke mia parallag  thc
BFGS mejìdou [1] gia auxhmènh eustjeia kai pijanìthtec sÔgklishc. Sthn arqik 
je¸rhsh den l fjhkan upìyh brh. Autì odhgeÐ sto na upologÐzontai oi arqikèc pa-
rgwgoi wc proc ta brh, arketèc txeic megèjouc megalÔterec apì tic parag¸gouc
twn shmeÐwn elègqou. H katallhlìterh mèjodoc gia ton qeirismì tètoiwn peript¸se-
wn eÐnai h BFGS. H parallag  pou anafèrjhke prohgoumènwc èqei na knei me to
ìti antÐ na qrhsimopoihjeÐ apìtomh kjodoc gia ton upologismì thc diìrjwshc tou
pr¸tou kÔklou beltistopoÐhshc, qrhsimopoi jhke gia ton upologismì twn diorj¸se-
wn twn pr¸twn 2000 kÔklwn en¸ parllhla ananewnìtan h prosèggish tou EssianoÔ
mhtr¸ou kanonik. Autì ègine giatÐ h prosèggish tou Essianou mhtr¸ou stic pr¸tec
epanal yeic thc BFGS parousizei astjeia. 'Oso ìmwc anane¸netai me bsh thn
prosèggish tou prohgoÔmenou b matoc tìso pio stibarì gÐnetai. Sunep¸c, h a-
pìtomh kjodoc trèqei gia touc pr¸touc 2000 kÔklouc kai, gia touc epìmenouc wc
th sÔgklish, oi diorj¸seic upologÐzontai me ton algìrijmo BFGS. Oi algìrijmoi
beltistopoÐhshc apìtomhc kajìdou (steepest descent) kai BFGS analÔontai sto pa-
rrthma.
AfoÔ oloklhrwjeÐ o algìrijmoc beltistopoÐhshc, prokÔptoun oi beltiwmènec jèseic
twn epifaneiak¸n shmeÐwn thc ptèrugac ìpwc faÐnontai sta sq mata 3.29, 3.30.
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Sq ma 3.29: Telik shmeÐa prokÔptousac ptèrugac kai parousÐash paramètrou u.
Sq ma 3.30: Telik shmeÐa prokÔptousac ptèrugac kai parousÐash paramètrou v.
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Keflaio 4
Apotelèsmata
Sto prohgoÔmeno keflaio ègine anlush twn bhmtwn gia thn epanaparametropoÐh-
sh twn plegmatik¸n kìmbwn pou apartÐzoun thn epifneia miac ptèrugac me yeudo-
domhmèno plègma kai, sth sunèqeia, qrhsimopoi jhke h epanaparametropoÐhsh aut 
gia thn prosèggish thc epifneiac thc ptèrugac me qr sh epifaneiak¸n NURBS. Se
autì to keflaio gÐnetai parousÐash thc epanaparametropoÐhshc kai prosèggishc
mèsw epifaneiak¸n NURBS dÔo pterÔgwn pou arqik perigrfontai me mh-domhmèno
plègma.
4.1 Ptèruga M6
Arqik parousizetai h epifneia thc ptèrugac kai oi plegmatikoÐ thc kìmboi (sq ma
4.1). Sth sunèqeia, orÐzetai to mèso epÐpedo (sq ma 4.2), pnw sto opoÐo ja problh-
joÔn oi epifaneiakoÐ kìmboi thc ptèrugac. AfoÔ gÐnei h probol , diaqwrÐzontai ta
shmeÐa thc nw kai thc ktw pleurc thc ptèrugac me krit rio thn gwnÐa twn kjetwn
monadiaÐwn dianusmtwn twn {fats¸n}, me to kjeto monadiaÐo dinusma tou mèsou
epipèdou. Ta epifaneiak shmeÐa twn dÔo keluf¸n parousizontai sto sq ma 4.3. Ta
probeblhmèna shmeÐa twn dÔo keluf¸n pnw sto mèso epÐpedo parousizontai sto
sq ma 4.4.
Prokeimènou na epiteuqjeÐ h adranopoÐhsh thc mÐac ek twn suntetagmènwn twn epifa-
neiak¸n kìmbwn, to mèso epÐpedo me ta probeblhmèna shmeÐa strèfetai prokeimènou
na gÐnei parllhlo sto epÐpedo x-z kai, sth sunèqeia, metatopÐzetai to kro tou ~C1
sthn arq  twn axìnwn, ìpwc faÐnetai sta sq mata 4.5, 4.6.
Epìmeno b ma eÐnai h metakÐnhsh twn epifaneiak¸n kìmbwn apì ton kartesianì q¸ro
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Sq ma 4.1: H epifneia thc ptèrugac M6 (arister) ìpwc prokÔptei sto tèloc enìc
kÔklou enìc brìqou beltistopoÐhshc. EpÐshc parousizontai oi epifaneiakoÐ thc kìmboi
(dexi).
Sq ma 4.2: Prìoyh thc ptèrugac M6. DiakrÐnetai h eujeÐa (kìkkinh) pou antipro-
swpeÔei thn tom  tou mèsou epipèdou me thn ptèruga.
Sq ma 4.3: Ta dÔo kelÔfh thc ptèrugac M6 pou proèkuyan èpeita apì to diaqwrismì
apì to mèso epÐpedo. DiakrÐnetai to nw (arister) kai to ktw (dexi) kèlufoc.
ston parametrikì q¸ro (sq ma 4.7). Autì epitugqnetai me ton grammikì metasqh-
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Sq ma 4.4: H ktoyh tou mèsou epipèdou.
Sq ma 4.5: To mèso epÐpedo afoÔ strfhke, ¸ste na gÐnei parllhlo sto epÐpedo
x-z.
matismì pou perigrfetai apì thn sqèsh (3.17).
H katlhyh ìlou tou parametrikoÔ q¸rou apì touc epifaneiakoÔc kìmbouc gÐnetai
61
Sq ma 4.6: To mèso epÐpedo afoÔ strfhke ¸ste na gÐnei parllhlo sto x-z kai afoÔ
metafèrjhke to shmeÐo ~C1 sthn arq  twn axìnwn.
Sq ma 4.7: To mèso epÐpedo afoÔ uposteÐ grammikì metasqhmatismì mèsw tou mh-
tr¸ou M (sqèsh (3.17)).
se dÔo b mata: (a) MetakÐnhsh twn oriak¸n kìmbwn kai gia ta dÔo kelÔfh sta ìria
tou parametrikoÔ q¸rou (sq ma 4.8) kai (b) parakoloÔjhsh thc kÐnhshc twn oriak¸n
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kìmbwn apì touc eswterikoÔc (sq ma 4.9).
Sq ma 4.8: Ta oriak shmeÐa tou qwrÐou pou èqoun metaferjeÐ sta ìria tou tetra-
g¸nou [0, 1]x[0, 1]. DiakrÐnontai ìsa an koun sthn nw pleur thc ptèrugac (pnw) ki
aut pou an koun sthn ktw pleur thc ptèrugac (ktw).
H telik  parametropoÐhsh prokÔptei Ôstera apì diaqwrismì tou parametrikoÔ q¸rou
¸ste o misìc na an kei sto nw kèlufoc thc ptèrugac kai o lloc misìc sto ktw
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Sq ma 4.9: H morf  tou tetrag¸nou [0, 1]x[0, 1] afoÔ oi eswterikoÐ kìmboi akolou-
j soun to ìrio.
(sq ma 4.10).
Sq ma 4.10: H telik  parametropoÐhsh, met kai apì ton diaqwrismì twn shmeÐwn
tou nw kai tou ktw kelÔfouc.
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Met thn olokl rwsh thc diadikasÐac parametropoÐhshc, gÐnetai grammik  palin-
drìmhsh ¸ste na prokÔyoun oi arqikèc jèseic twn shmeÐwn elègqou (sq ma 4.11).
Sq ma 4.11: ParousÐash thc arqik c ptèrugac (prsino) me ta shmeÐa elègqou
(kìkkino) pou prokÔptoun apì to prìblhma grammik c palindrìmhshc.
Sq ma 4.12: SÔgkrish arqik c ptèrugac (prsino) me thn epifneia NURBS pou
prokÔptei me qr sh twn shmeÐwn elègqou tou sq matoc 4.11.
Tèloc, gÐnetai beltistopoÐhsh twn jèsewn twn shmeÐwn elègqou all kai twn arijmh-
tik¸n tim¸n twn bar¸n pou touc antistoiqoÔn ¸ste h epanasqedÐash thc epifneiac
thc arqik c ptèrugac na gÐnei h bèltisth. Ta apotelèsmata faÐnontai sto sq ma 4.13.
65
Sq ma 4.13: H telik  epifneia NURBS gia thn opoÐa qrhsimopoioÔntai oi bèltistec
jèseic twn shmeÐwn elègqou kai oi bèltistec timèc twn bar¸n. Me ta qr¸mata tou
upomn matoc faÐnetai h allag  thc tim c thc paramètrou u (pnw) kaj¸c kai thc v
(ktw).
4.2 Ptèruga Common Research Model (CRM)
thc NASA
Gia thn ptèruga CRM akoloujoÔntai oi Ðdiec diadikasÐec. H arqik  ptèruga kaj¸c
kai oi epifaneiakoÐ kìmboi thc, parousizontai sto sq ma 4.14.
Sth sunèqeia, sto sq ma 4.15 parousizetai h telik  prosèggis  thc apì epifaneiak
NURBS.
66
Sq ma 4.14: H ptèruga CRM (pnw) kai oi epifaneiakoÐ thc kìmboi (ktw).
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Sq ma 4.15: H telik  epifneia NURBS gia thn opoÐa qrhsimopoioÔntai oi bèltistec
jèseic twn shmeÐwn elègqou kai oi bèltistec timèc twn bar¸n. Me ta qr¸mata tou
upomn matoc faÐnetai h allag  thc tim c thc paramètrou u (pnw) kaj¸c kai thc v
(ktw).
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Keflaio 5
Sumpersmata
Se aut n th diplwmatik  ergasÐa anaptÔqjhke h jewrÐa epanaparametropoÐhshc epi-
fanei¸n kai, sth sunèqeia, aut  qrhsimopoi jhke ¸ste na gÐnei h prosèggis  touc apì
epifneia NURBS. Suqn, kat th dirkeia tou brìqou beltistopoÐhshc, prokÔptei h
angkh gia apeikìnish thc bèltisthc gewmetrÐac enìc aerodunamikoÔ s¸matoc. Autì
ìmwc den eÐnai efiktì mèsw twn metablht¸n beltistopoÐhshc. 'Etsi, qrhsimopoieÐtai
h jewrÐa pou parousisthke, ¸ste na kataskeuastoÔn oi epifneiec tou bèltistou
aerodunamikoÔ s¸matoc mèsw epifaneiak¸n NURBS, pou eÐnai sumbat me CAD.
H epanaparametropoÐhsh twn oriak¸n epifanei¸n twn stere¸n swmtwn èqei dusko-
lÐa, kaj¸c kje s¸ma diajètei ta dik tou qarakthristik kai morf . Sunep¸c, eÐnai
fanerì pwc den mporeÐ na uiojethjeÐ mÐac morf c epanaparametropoÐhsh (l.q. ìpwc
aut  pou parousisthke sthn paroÔsa ergasÐa) gia kje sq ma. Kat th dirkeia
thc epanaparametropoÐhshc, kje epifaneiakìc kìmboc enìc s¸matoc dèqetai epexer-
gasÐa, mèsw gewmetrik¸n metasqhmatism¸n, h opoÐa èqei stìqo na antistoiq sei stic
suntetagmènec tou (dinusma ~X 2 R3), èna zeugri paramètrwn (u; v). H antistoÐqi-
sh aut  prèpei na eÐnai èna-proc-èna kai na diathreÐ thn sqetik  jèsh enìc kìmbou wc
proc ènan llon. H epilegmènh morf  epanaparametropoÐhshc gia ptèrugec aeroska-
f¸n to epitugqnei autì kat èna polÔ meglo posostì kaj¸c o kje epifaneiakìc
kìmboc apokt èna monadikì zeÔgoc tim¸n (u; v). Oi kìmboi gia touc opoÐouc den
epiteÔqjhke autì  tan oi kìmboi pou keÐntai pnw sthn kampÔlh pou apoteleÐ thn
tom  tou mèsou epipèdou me thn ptèruga. Me kpoio ek twn tmhmtwn aut c thc
kampÔlhc, gÐnetai o diaqwrismìc tou nw kai tou ktw kelÔfouc thc ptèrugac kai
autì odhgeÐ sthn parousÐa dipl¸n kìmbwn sto tm ma autì. Gia na apofeuqjeÐ autì,
mporeÐ na anaptuqjeÐ peraitèrw logismikì to opoÐo ja anagnwrÐzei kai ja exaleÐfei
touc diploÔc kìmbouc.
H prosèggish mèsw epifaneiak¸n NURBS diajètei eukolÐa wc proc thn efarmog .
H epilog  twn basik¸n stoiqeÐwn gia mÐa B-splines epifneia (bajmìc p kai arijmìc
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shmeÐwn elègqou), gÐnetai empeirik kat th dhmiourgÐa tou logismikoÔ. Autèc oi pa-
rmetroi aforoÔn to pìso sÔnjeto eÐnai to sq ma pou prospajoÔn ta NURBS na
proseggÐsoun. H epilog  aut  ja mporoÔse endeqomènwc na montelopoihjeÐ me bsh
ènan gewmetrikì algìrijmo pou na antikatoptrÐzei thn empeirik  plhroforÐa sthn o-
poÐa basÐzetai. H kataskeu  twn epifanei¸n efìson basÐzetai sth mèjodo grammik c
palindrìmhshc ofeÐlei na eÐnai akrib c. Parìla aut, parathroÔntai kpoia anoÐgma-
ta sthn epifneia thc prokÔptousac ptèrugac ta opoÐa den exaleÐfontai akìma kai
met th diadikasÐa thc beltistopoÐhshc. 'Ara, exgetai to sumpèrasma ìti eujÔnh
gia aut ta anoÐgmata fèrei h epanaparametropoÐhsh. Oi belti¸seic gia autì afo-
roÔn dÔo shmeÐa. Pr¸ton, th metakÐnhsh twn oriak¸n kìmbwn sta ìria tou qwrÐou
[0, 1]x[0, 1], kai deÔteron, th mèjodo me thn opoÐa oi eswterikoÐ kìmboi akoloujoÔn
thn kÐnhsh twn exwterik¸n. Afenìc, stic ptèrugec pou epexergsthkan proèkuyan
orismènec kenèc perioqèc sta ìria tou qwrÐou. Afetèrou, h sunrthsh apì thn opoÐa
proèkupte poioi kìmboi ja akolouj soun poio ìrio, prokaloÔse {bÐaio diaqwrismì}
twn eswterik¸n kìmbwn se kpoiec perioqèc. Gia thn epÐlush twn anwtèrw protjh-
kan oi anwtèrw dÔo algìrijmoi:
1) Gia tic kenèc perioqèc sta ìria: Katagraf  tou arijmoÔ twn shmeÐwn pou an koun
se kje ìrio kai moÐrasm touc pnw se autì omogen¸c.
2) Gia touc diaqwrismoÔc: QrhsimopoÐhsh diaforetik c mejìdou gia ton upologismì
thc metatìpishc twn eswterik¸n orÐwn, ìpwc mejìdouc elathrÐwn (spring analogies).
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Parrthma Aþ
O algìrijmoc ditaxhc Shellsort
O algìrijmoc ditaxhc ShellSort [17] eÐnai ènac algìrijmoc o opoÐoc diatssei se
fjÐnousa   aÔxousa seir èna dinusma pragmatik¸n arijm¸n. O algìrijmoc autìc
qrhsimopoieÐtai sthn enìthta 3.9 ìpou kat thn kataskeu  enìc dianÔsmatoc kìmbwn,
prèpei na gÐnei qr sh ènoc dianÔsmatoc me ta stoiqeÐa (timèc twn arijm¸n pou to
apartÐzoun) tou topojethmèna se aÔxousa seir.
O algìrijmoc autìc p re thn onomasÐa tou apì ton empneust  tou, Donald L. Shell
[17]. Qarakthristikì autoÔ tou algorÐjmou eÐnai ìti, antÐ na sugkrÐnei èna sÔnolo
stoiqeÐwn me th seir, paÐrnontac kje stoiqeÐo xeqwrist ìpwc pio aploÐ algìrij-
moi, sugkrÐnei stoiqeÐa pou apèqoun mÐa sugkekrimènh apìstash d mèsa sto arqikì
dinusma stoiqeÐwn. H tim  tou d xekin wc to misì tou m kouc tou arqikoÔ dianÔsma-
toc kai sthn arq  kje sar¸matoc tou dianÔsmatoc, mei¸netai sto misì. Ta stoiqeÐa
sugkrÐnontai kai enallssontai, ìpote prokÔptei h angkh. H sqèsh me bsh thn
opoÐa anane¸netai h tim  tou d, met apì kje srwsh eÐnai h
d = bd+ 1
2
c (Aþ.1)
me arqik  tim  tou d Ðsh me to m koc tou dianÔsmatoc N . Ac gÐnei èna pardeigma me
èna aplì dinusma l.q. akèraiwn gia katanìhsh. 'Estw to arqikì dinusma
~R =
26666664
84
69
76
86
94
91
37777775
to opoÐo prèpei na diataqjeÐ se fjÐnousa seir. IsqÔei ìti to mègejoc tou eÐnai N=6
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kai, sunep¸c, d=N=6. Gia thn pr¸th srwsh isqÔei
d = b6 + 1
2
c = 3
Sunep¸c, sugkrÐnontai 1o 4o; 2o 5o kai 3o 6o stoiqeÐo. Efìson eÐnai epijumhtì ta
stoiqeÐa na eÐnai diatetagmèna se fjÐnousa seir, tìte, an to deÔtero sugkrinìmeno
stoiqeÐo eÐnai megalÔtero apì to pr¸to, ta sugkrinìmena stoiqeÐa allzoun jèsh.
An ìqi, mènoun wc èqoun kai ekteleÐtai h epìmenh sÔgkrish. Met, loipìn, thn pr¸th
srwsh to dinusma ~R gÐnetai
~R =
26666664
86
94
91
84
69
76
37777775
Gia th deÔterh srwsh upologÐzetai to
d = b3 + 1
2
c = 2
Sunep¸c, sugkrÐnontai 1o 3o, 2o 4o, 3o 5o, kai 4o 6o stoiqeÐo. Met to pèrac thc
deÔterhc srwshc to ~R gÐnetai
~R =
26666664
91
94
86
84
69
76
37777775
Gia thn trÐth srwsh eÐnai
d = b2 + 1
2
c = 1
'Ara, sugkrÐnontai ta stoiqeÐa èna-èna. Met to tèloc kai thc trÐthc srwshc, to ~R
gÐnetai
~R =
26666664
94
91
86
84
76
69
37777775
pou eÐnai kai h telik  diatetagmènh morf  tou dianÔsmatoc. Tèloc, gÐnetai kai mÐa
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akìma srwsh me d = 1, gia èlegqo kat thn opoÐa an den gÐnei kamÐa allag , o
algìrijmoc l gei. An ìmwc, gÐnei èstw mÐa allag  gÐnetai ki llh srwsh me d=1.
O algìrijmoc eÐnai apodotikìtatoc kai qrhsimopoieÐtai gia gr gorh kattaxh meglwn
dianusmtwn.
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Parrthma Bþ
H mèjodoc SVD (Singular Value
Decomposition)
Sth grammik  lgebra, SVD (Singular Value Decomposition) [19], [20] eÐnai mÐa mèjo-
doc paragontopoÐhshc pragmatik¸n   migadik¸n mhtr¸wn. H mèjodoc aut  èqei pol-
lèc efarmogèc sta pedÐa epexergasÐac shmtwn kai statistik c. En prokeimènw, en-
diafèron parousizei mÐa efarmog  thc mejìdou SVD sÔmfwna me thn opoÐa eÐnai efi-
kt  h antistrof  (ja mporoÔse na eipwjeÐ yeudo-antistrof ) enìc mh-tetragwnikoÔ
mhtr¸ou, ¸ste na lujeÐ èna sÔsthma grammik¸n exis¸sewn me perissìterec exis¸seic
apì agn¸stouc (uper-orismèno).
H mèjodoc SVD sthrÐzetai sto je¸rhma thc grammik c lgebrac pou anafèrei ìti:
Opoiod pote mhtr¸o A (tetragwnikì   mh) mporeÐ na prokÔyei wc ginìmeno tri¸n
llwn mhtr¸wn. Enìc orjogwnikoÔ mhtr¸ou U enìc diag¸niou mhtr¸ou S kai tou
anstrofou enìc akìma orjogwnikoÔ mhtr¸ou V . Se majhmatik  diatÔpwsh
Amn = UmmSmnV
T
nn (Bþ.1)
Me m;n sumbolÐzetai, antÐstoiqa, to pl joc twn seir¸n kai twn sthl¸n tou, proc
paragontopoÐhsh mhtr¸ou, A. Sta upìloipa mhtr¸a oi deÐktec omoÐwc sumbolÐzoun
tic diastseic touc. Prokeimènou to mhtr¸o A na eÐnai mhtr¸o suntelest¸n enìc
uper-orismènou sust matoc grammik¸n exis¸sewn, prèpei na isqÔei m>n. Oi st lec
tou mhtr¸ou U apoteloÔntai apo ta orjokanonik idiodianÔsmata tou mhtr¸ou AAT ,
oi st lec tou mhtr¸ou V apoteloÔntai apì ta orjokanonik idiodianÔsmata tou mh-
tr¸ou ATA kai h diag¸nioc tou S apoteleÐtai apì tic tetragwnikèc rÐzec twn mh-
arnhtik¸n idiotim¸n tou AAT (  tou ATA) se fjÐnousa seir kai mhdèn sta upìloipa
stoiqeÐa thc diagwnÐou. AfoÔ gÐnei h paragontopoÐhsh, uiojeteÐtai o ìroc yeudo-
antÐstrofo mhtr¸o wste na perigrafeÐ èna mhtr¸o A 1 me diastseic nm, tètoio
¸ste A 1A = In. Efarmìzontac sth sqèsh (Bþ.1) thn {antistrof } kai idiìthtec
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ginomènou antÐstrofwn kai anstrofwn pinkwn [21] lambnetai h èkfrash
A 1 = (USV T ) 1 = V S 1UT (Bþ.2)
To mhtr¸o S 1 {antistrèfetai} an ìla ta mh-mhdenik stoiqeÐa tou antikatastajoÔn
me ta antÐstrof touc kai, sth sunèqeia, to mhtr¸o anastrafeÐ. Se perÐptwsh pou
èna ek twn stoiqeÐwn proc antistrof  den eÐnai mhdenikì all eÐnai arket mikrì ¸ste
na prokÔptei prìblhma sthn antistrof , tìte autì antikajÐstatai me to mhdèn. 'Estw
t¸ra mÐa grammik  exÐswsh thc morf c
A~x = ~b (Bþ.3)
An n to mègejoc tou dianÔsmatoc ~x kaim to mègejoc tou dianÔsmatoc b (m > n) tìte
prìkeitai gia èna uper-orismèno sÔsthma exis¸sewn-agn¸stwn. O pollaplasiasmìc
kai twn dÔo mel¸n thc sqèshc (Bþ.3) me A 1 dÐnei
A 1A~x = A 1~b, ~x = V S 1UT~b (Bþ.4)
Se perÐptwsh pou to mhtr¸o A èqei idiomorfÐec, tìte apokt ìlo kai ligìterec dia-
kritèc idiotimèc kai pèftei h txh tou. An h txh tou mhtr¸ou gÐnei mikrìterh apì ton
arijmì agn¸stwn n tìte to mhtr¸o gÐnetai pl rwc idiìmorfo kai den eÐnai efikt  h
yeudo-antistrof . Se perÐptwsh pou to mhtr¸o A den eÐnai pl rwc idiìmorfo kai to
sÔsthma exis¸sewn pou perigrfetai apì th sqèsh (Bþ.3) èqei lÔsh, tìte aut  peri-
grfetai me apìluth akrÐbeia apì to dinusma ~x thc sqèshc (Bþ.4). An parìla aut,
to sÔsthma pou perigrfetai apì th sqèsh (Bþ.3) den èqei lÔsh tìte to dinusma ~x
eÐnai tètoio ¸ste, h diafor tou A~x apì to ~b, na gÐnei h elqisth dunat . Sunep¸c,
an
~b0 = A~x (Bþ.5)
kai me bi; b0i; i 2 [1;m] sumbolÐzontai ta stoiqeÐa twn dianusmtwn ~b; ~b0 antÐstoiqa,
tìte to dinusma ~x ja eÐnai tètoio ¸ste na elaqistopoieÐtai h
R =
vuut mX
i=1
(b0i   bi)2 (Bþ.6)
ElaqistopoÐhsh thc (Bþ.6), shmaÐnei pwc to dinusma ~x pollaplasiazìmeno me to
mhtr¸o A ja d¸sei èna dinusma ~b0 to opoÐo ja apoteleÐ thn kalÔterh dunat  pro-
sèggish tou ~b. Paraktw dÐdetai èna aplì pardeigma gia katanìhsh. 'Estw èna
76
mhtr¸o 3 2, to
A =
243  11 3
1 1
35 (Bþ.7)
Profan¸c, eÐnai m = 3 kai n = 2. Arqik, gÐnetai o upologismìc tou mhtr¸ou U .
IsqÔei ìti
AT =

3 1 1
 1 3 1

(Bþ.8)
kai
AAT =
2410 0 20 10 4
2 4 2
35 (Bþ.9)
Oi idiotimèc tou mhtr¸ou AAT eÐnai 1 = 12; 2 = 10; 3 = 0 kai ta antÐstoiqa
idiodianÔsmata eÐnai ta ~v1 = (1; 2; 1); ~v2 = (2; 1; 0); ~v3 = (1; 2; 5). Sunep¸c,241 2 12  1 2
1 0  5
35
eÐnai to mhtr¸o pou dhmiourgeÐtai me ta idiodianÔsmata wc st lec. KanonikopoÐhsh
autoÔ tou mhtr¸ou dÐnei to
U =
264
1p
6
2p
5
1p
30
2p
6
 1p
5
2p
30
1p
6
0  5p
30
375 (Bþ.10)
Me ìmoio trìpo, gÐnetai o upologismìc tou mhtr¸ou V . IsqÔei
ATA =

11 1
1 11

(Bþ.11)
pou èqei idiotimèc tic 1 = 12; 2 = 10 kai antÐstoiqa idiodianÔsmata ta ~v1 =
(1; 1); ~v2 = (1; 1). Ac eÐnai 
1 1
1  1

to mhtr¸o pou èqei ta parapnw idiodianÔsmata wc st lec. KanonikopoÐhsh autoÔ
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tou mhtr¸ou dÐnei thn telik  èkfrash tou V
V =
"
1p
2
1p
2
1p
2
 1p
2
#
(Bþ.12)
GnwrÐzontac tic idiotimèc tou AAT all kai tou ATA to mhtr¸o S prokÔptei eÔkola
wc
S =
24p12 00 p10
0 0
35 (Bþ.13)
Plèon eÐnai diajèsimoi ìloi oi pargontec. Wc epal jeush axÐzei na upologisteÐ to
ginìmeno USV T ,
USV T =
264
1p
6
2p
5
1p
30
2p
6
 1p
5
2p
30
1p
6
0  5p
30
375 
24p12 00 p10
0 0
35  " 1p2 1p21p
2
 1p
2
#
=
243  11 3
1 1
35 = A (Bþ.14)
Epìmeno b ma gia thn antistrof  tou A eÐnai h antistrof  tou S. Autì eÐnai efiktì
ìpwc proanafèrjhke me antistrof  twn mh-mhdenik¸n stoiqeÐwn tou kai anastrof 
tou. 'Ara,
S 1 =
"
1p
12
0 0
0 1p
10
0
#
(Bþ.15)
Telik,
A 1 = V S 1UT =
"
1p
2
1p
2
1p
2
 1p
2
#

"
1p
12
0 0
0 1p
10
0
#

264
1p
6
2p
6
1p
6
2p
5
 1p
5
0
1p
30
2p
30
 5p
30
375 (Bþ.16)
 , met apì prxeic,
A 1 =

34
120
8
120
10
120 14
120
32
120
10
120

(Bþ.17)
Gia epal jeush upologÐzetai to ginìmeno A 1A kai anamènetai na isoÔtai me to mo-
nadiaÐo mhtr¸o. Prgmati,
A 1A =

34
120
8
120
10
120 14
120
32
120
10
120


243  11 3
1 1
35 = 1 0
0 1

(Bþ.18)
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To anwtèrw pardeigma deÐqnei thn efarmog  thc jewrÐac pnw sthn opoÐa basÐzetai
h mèjodoc SVD. Upologistik ìmwc, h apoj keush twn mhtr¸wn A;AT kaj¸c kai h
eÔresh twn idiotim¸n touc me ton trìpo pou parousisthke, eÐnai asÔmforh apì po-
yhc upologistik c isqÔoc all kai qrìnou. Gia na upologistoÔn ta mhtr¸a U; S; V
kai wc ek toÔtou na gÐnei efikt  h yeudo-antistrof  tou A, gÐnetai qr sh anaklse-
wn Householder kai peristrof¸n Given's [22]. H mèjodoc aut  perilambnei arqik
ton pollaplasiasmì tou mhtr¸ou A, enallx kai ekatèrwjèn tou, me mhtr¸a Hou-
seholder, mèqri to mhtr¸o A na metatrapeÐ se èna didiag¸nio mhtr¸o B. An dhlad 
to mhtr¸o A onomasteÐ A0 kai Pi; Di eÐnai ta mhtr¸a Householder tìte
A1 = P1A0D1
A2 = P2A1D2 (Bþ.19)
... =
...
H diadikasÐa epanalambnetai mèqri sthn jèsh tou Ak na prokÔyei èna didiag¸nio
mhtr¸o B. EÐnai profanèc ìti
B = Ak = PkAk 1Dk = PkPk 1Ak 2Dk 1Dk = PkPk 1 : : : P1A0D1 : : : Dk 1Dk
TÐjentai
P = PkPk 1 : : : P1
D = DkDk 1 : : : D1
ra
B = PAD (Bþ.20)
Epìmeno b ma eÐnai h metatrop  tou didiag¸niou mhtr¸ou B sto diag¸nio mhtr¸o S.
Autì gÐnetai me suneqeÐc metasqhmatismoÔc QR, mèsw mhtr¸wn peristrof c Given's.
An Qi onomzontai ta mhtr¸a peristrof c Given's, aut kai ta anstrof touc
pollaplasizontai me to mhtr¸o B ekatèrwjen èwc ìtou autì gÐnei diag¸nio. An
loipìn, B = B0
B1 = Q
T
1B0Q1
B2 = Q
T
2B1Q2 (Bþ.21)
... =
...
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EÐnai profanèc ìti
S = Bl = Q
T
l Bl 1Ql = Q
T
l Q
T
l 1Bl 2Ql 1Ql = Q
T
l Q
T
l 1 : : : Q
T
1B0Q1 : : : Ql 1Ql
AntÐstoiqa me prin tÐjentai
QT = QTl Q
T
l 1 : : : Q
T
1
Q = QlQl 1 : : : Q1
ra
S = QTBQ
kai lìgw thc (Bþ.20),
S = QTPADQ (Bþ.22)
Ta mhtr¸a Householder kai Given's eÐnai orjog¸nia mhtr¸a, sunep¸c, orjog¸nia ja
eÐnai kai ta mhtr¸a pou prokÔptoun wc to ginìmenì touc. Gia èna orjog¸nio mhtr¸o
C isqÔoun oi ex c idiìthtec
C = CT
C 1 = CT
Lìgw twn anwtèrw idiot twn, h (Bþ.22) isodunameÐ me thn
A = PQTSQD (Bþ.23)
  an
U = PQT
V T = QD
tìte
A = USV T (Bþ.24)
Me autìn ton algìrijmo epitugqnetai h paragontopoÐhsh tou mhtr¸ou A mèsw gino-
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mènwn. H sqèsh (Bþ.24) qrhsimopoieÐtai ¸ste sÔmfwna me thn (Bþ.2) na antistrafeÐ
to mhtr¸o A.
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Parrthma Gþ
Algìrijmoi beltistopoÐhshc
Sthn paroÔsa ergasÐa proèkuye h angkh gia efarmog  twn algìrijmwn beltisto-
poÐhshc thc apìtomhc kajìdou (steepest descent) kai BFGS (Broyden, Fletcher,
Goldfarb, Shanno). Kai oi dÔo algìrijmoi upgontai sthn kathgorÐa mejìdwn pou
basÐzontai sthn klÐsh thc antikeimenik c sunrthshc (Gradient-based methods). Oi
mèjodoi autèc qrhsimopoioÔn thn klÐsh thc antikeimenik c sunrthshc wc ergaleÐo
gia ton prosdiorismì thc kateÔjunshc anaz thshc thc bèltisthc lÔshc. Me bsh thn
diìrjwsh pou prosdiorÐzetai, upologÐzetai mÐa nèa prosèggish kai o algìrijmoc su-
neqÐzei. 'Otan h diìrjwsh teÐnei na gÐnei mhdèn, tìte o algìrijmoc stamat. An F (~x)
h antikeimenik  sunrthsh pou exarttai apì to dinusma twn eleÔjerwn metablh-
t¸n ~x, tìte profan¸c eÐnai proapaitoÔmeno na èqei upologisteÐ  dh to rF (~x). Stic
epìmenec dÔo upoenìthtec ja parousiasteÐ to pwc oi algìrijmoi apìtomhc kajìdou
kai BFGS knoun qr sh tou rF (~x) gia ton prosdiorismì thc diìrjwshc.
Gþ.1 O algìrijmoc thc apìtomhc kajìdou
H mèjodoc thc apìtomhc kajìdou steepest descent eÐnai h aploÔsterh apì tic me-
jìdouc beltistopoÐhshc. 'Estw ìti o algìrijmoc beltistopoÐhshc brÐsketai sthn
n-ost  epanlhy  tou, me n  0. An h prosèggish thc bèltisthc lÔshc se aut n
thn epanlhyh eÐnai h ~xn, tìte h prosèggish thc epìmenhc epanlhyhc dÐdetai apì
ton tÔpo
~xn+1 = ~xn + ~pn (Gþ.1)
Me ~pn sumbolÐzetai to dinusma twn diorj¸sewn kai me  sumbolÐzetai èna bajmwtì
mègejoc pou antiproswpeÔei to b ma. H epilog  b matoc èqei na knei me thn txh
megèjouc twn parag¸gwn kai me to an aut  eÐnai Ðdia me aut n twn proseggÐsewn.
'Ena meglo b ma mporeÐ na odhg sei ton algìrijmo se apìklish kaj¸c h prosèggish
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tou epìmenou b matoc mporeÐ na apèqei polÔ apì aut n tou prohgoÔmenou. Apì thn
llh, èna mikrì b ma mporeÐ na odhg sei se polÔ arg  sÔgklish tou algorÐjmou. Gia
th mèjodo thc apìtomhc kajìdou, to dinusma twn diorj¸sewn prokÔptei wc
~pn =  rF (~xn) (Gþ.2)
Antikajist¸ntac thn (Gþ.2) sthn (Gþ.1) prokÔptei h telik  sqèsh ananèwshc thc
prosèggishc,
~xn+1 = ~xn   rF (~xn) (Gþ.3)
Se perÐptwsh pou  > 0, tìte o algìrijmoc èqei stìqo thn elaqistopoÐhsh thc
F (~x) en¸, an  < 0, o algìrijmoc èqei stìqo thn megistopoÐhs  thc. Paraktw
parousizetai o algìrijmoc b ma-b ma.
B ma 0: Empeirik  pr¸th prosèggish thc bèltisthc lÔshc kai apoj keus 
thc sto dinusma ~x0(n = 0).
B ma 1: Upologismìc tou dianÔsmatoc twn klÐsewn rF (~xn).
B ma 2: Upologismìc thc nèac prosèggishc thc bèltisthc lÔshc mèsw thc
(Gþ.3).
B ma 3: Ananèwsh deÐkth epanlhyhc (n = n+1) kai epistrof  sto B ma 1
mèqri sÔgklishc.
Gþ.2 O algìrijmoc BFGS
H mèjodoc BFGS [1] an kei sthn oikogèneia twn proseggistik¸n mejìdwn quasi-
Newton. Oi mèjodoi autèc, qrhsimopoioÔn ta dianÔsmata twn proseggÐsewn kai twn
klÐsewn thc trèqousac kai thc prohgoÔmenhc epanlhyhc gia na upologÐsoun mÐa
arket kal  prosèggish B tou EssianoÔ mhtr¸ou. 'Estw ìti o algìrijmoc belti-
stopoÐhshc brÐsketai sthn (n)-ost  epanlhy  tou. UpologÐzontai dÔo dianÔsmata,
to
~sn = ~xn   ~xn 1 (Gþ.4)
kai to
~yn = rF (~xn) rF (~xn 1) (Gþ.5)
Me bsh aut anane¸netai h prosèggish tou mhtr¸ou B mèsw thc
Bn = Bn 1   B
n 1~sn~snTBn 1
~snTBn 1~sn
+
~yn~ynT
~ynT~sn
(Gþ.6)
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Sth sunèqeia, to mhtr¸o Bn antistrèfetai kai prokÔptei to
Hn = (Bn) 1 (Gþ.7)
Tèloc, gia na lhfjeÐ h nèa diorjwmènh prosèggish thc bèltisthc lÔshc efarmìzetai
h sqèsh (Gþ.1) afoÔ tejeÐ
~pn =  HnrF (~xn) (Gþ.8)
kai lambnetai h anadromik  sqèsh ananèwshc thc prosèggishc:
~xn+1 = ~xn   HnrF (~xn) (Gþ.9)
To bajmwtì mègejoc  èqei thn Ðdia shmasÐa me aut n pou èqei sthn mèjodo thc
Apìtomhc Kajìdou. Paraktw parousizetai o algìrijmoc BFGS b ma-b ma:
B ma 0a: Empeirik  pr¸th prosèggish tou EssianoÔ mhtr¸ou B0(n = 0).
To mhtr¸o B0 ofeÐlei na eÐnai summetrikì, ìpwc kai kje Essianì mhtr¸o. Mia
sun jhc pr¸th epilog  gia to B0 eÐnai to monadiaÐo mhtr¸o.
B ma 0b: Empeirik  pr¸th prosèggish thc bèltisthc lÔshc ~x0.
B ma 0g: Ektèlesh tou algorÐjmou apìtomhc kajìdou ¸ste na lhfjeÐ h
prosèggish ~x1, kai ananèwsh deÐkth epanlhyhc n = n+ 1.
B ma 1: Upologismìc tou dianÔsmatoc twn klÐsewn rF (~xn).
B ma 2: Upologismìc twn dianusmtwn ~sn; ~yn.
B ma 3: Qr sh sqèshc (Gþ.6) gia thn ananèwsh tou EssianoÔ mhtr¸ou Bn.
B ma 4: Antistrof  tou Bn kai qr sh thc sqèshc (Gþ.9) gia thn ananèwsh
thc prosèggishc thc bèltisthc lÔshc.
B ma 5: Ananèwsh deÐkth epanlhyhc kai epistrof  sto B ma 1 mèqri sÔg-
klishc.
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